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Chapter 1

Introduction

Geometry is one of the most important areas of matematics. Initially geometry was a natural
consequence of our everyday life.

Our first geometrical records were created in ancient times. The process of abstraction
began in Greece, where the basics of geometry were logically described. Concepts of line,
point, distance, angle were lay down. One of the most important mathematician and philosopher
of the time was Euclid who summarized the results in his famous book Elements that determined
the geometrical way of thinking for millennia.

To solve engineering problems we most commonly use analysis, algebra and geometry. In
order to make geometry an even more reliable engineering tool there is a need to correlate
geometrical facts to useful algorithms. The vast majority of the engineering problems are
handled by Euclidean geometry and only few works exploit the much richer content of geometry.
Following this in this thesis aspect of hyperbolic geometry is examined in conjunction with
engineering problems.

Although hyperbolic geometry is difficult to visualize it is more common than we would
think. The truth according to Einstein’s relativity theory is that the world we live in is a hyperbolic
space.

1.1 Motivation and Background

Hyperbolic geometry view on dynamical systems can offer a unique insight and reveal connec-
tions between certain properties of linear systems. Investigation of this connection has led to
the successful utilization of the hyperbolic approach on various engineering problems.

The most successful application area is the system identification, where various methodolo-
gies are developed in the literature.

The problem of Linear Time Invariant (LTI) system identification is discussed in [1] from a
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1.1 Motivation and Background

hyperbolic geometric point of view. The identification method is based on a hyperbolic wavelet
construction that parametrizes the location of poles by operations similar to the basic mother
wavelet transformations that are translation and dilatation. Furthermore, a hyperbolic wavelet
transformation is proposed on the conceptual base of the Blaschke function, operating as a
translation operator.

Another identification method, based on the intersection of hyperbolic circles is proposed
in [2]. The system is represented in Laguerre basis and the convergence of the Laguerre series
expansion is connected to the hyperbolic radius of a hyperbolic circle.

The 2-dimensional Poincaré disc model is utilized in [3] in order to aid system identification
of Linear Parameter Varying (LPV) systems. The work connects Kolmogorov n-width optimal
orthogonal basis (see [4]) functions with objects in hyperbolic geometry.

The basis of the motivation is that hyperbolic geometry has been successfully utilized in
system identification and analysis. Following this, the dissertation provides novel results on the
basic underlying correspondence of hyperbolic geometry and system theory (Thesis1.) and a
novel application of hyperbolic geometry on gridded parametric LTI interpolation(Thesis 2.)
and identification of pole location of LTI systems(Thesis 3.). The next sections provide basic
introduction for the hyperbolic geometry, parametric LTI interpolation, and system identification.

1.1.1 Hyperbolic geometry

The foundation of geometry is dated back to Thales (600 BC) with the formalised discussion
while the axiomatic construction of geometry was started by Euclid around 300 BC. His axioms
can be expressed as the following:

1. Any two points lie on a unique line.

2. Any straight line can be continued indefinitely in either direction.

3. A circle of any center and any radius can be drawn.

4. All right angles are equal.

5. The parallel postulate: If a straight line, crossing another two straight lines 𝑙, 𝑙′ , makes
angles 𝛼, 𝛽 with 𝑙, 𝑙′ on one side, and if 𝛼 + 𝛽 < 𝜋 then 𝑙, 𝑙′ meet on that same side.
Equivalently for every line 𝑙, and a point 𝑃 not on 𝑙, there is only one line through 𝑃 which
does not cross 𝑙.

The last axiom started a series of attempts to prove it using the other four postulates but the
problem could not be solved until the first half of the 19th century, when independently from
each other, Gauss (c. 1822), Bolyai (1829) and Lobachevsky (1826) were able to develop a
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1.1 Motivation and Background

consistent geometry in which the parallel postulate is modified but the rest of Euclid’s axioms
are kept. Later this became known as non-Euclidean geometry. It is worth to mention that the
modern treatment of Euclidean geometry is attributed to David Hilbert (1899).

One of the non-Euclidean geometries is hyperbolic geometry where the fifth postulate is
substituted with the following: for every line ℎ, and a point 𝑃 not on ℎ, there are infinitely
many lines through 𝑃 which do not cross ℎ. It is obvious that such a geometry can not exist
in Euclidean space, therefore, the models of hyperbolic geometry were constructed that follow
the axioms of hyperbolic geometry and can be illustrated in Eucledean space. In this thesis the
Poincaré disc model is used that is a model of a hyperbolic plane (see chapter 3).

1.1.2 Parametric LTI interpolation

Ordinary differential equations are one of the most powerful tools for modeling dynamical
systems but accurate models usually contain large number of equations. The main purpose of
these models is to study complex underlying physical phenomena. However, if they are used for
simulation, control design or optimization using the available computational resources can be
ineffective in terms of execution time and available memory. In order to overcome this problem
methods of model order reduction (MOR) have been proposed. The reduced order model
approximates the input-output behavior of the original large-scale system by a significantly
lower order one. In addition, it is usual in engineering practice that the dynamics of the high-
order system depends on a set of parameters. These parameters may influence the dynamics
in many ways for example material properties, system geometry, system configuration. In this
case, application of parametric model order reduction (pMOR) [5] is needed.

Generating and reducing a large-scale model can be a very costly procedure. For example
a complex computer fluid dynamics (CFD) calculation can take days to evaluate at one certain
parameter. Optimization of a mechanical structure that is modeled by finite element method
(FEM) can require evaluation of a model at each step of the optimization even with several
thousand states. Thus the main goal for pMOR is to obtain a reduced model for any parameter
value without the need to repeat the modeling and reduction. It is crucial and it is in the
main focus that the algorithm that solves the pMOR problem should have significantly less
computational requirement than the evaluation of the original system.

In most of the cases, the parameter-dependent high-dimensional model is known at certain
parameter values that is why the vast majority of the pMOR methods are interpolation-based
methods. The standard work-flow of interpolation based methods is as follows: given a set of
high-dimensional models at certain parameter values, each is reduced independently then the
reduced model at different parameter values is calculated (interpolated) using the known reduced
models ( [6, 7]). Since the behavior of the complex system is unknown at the parameter value
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1.1 Motivation and Background

of interest, apart from the initially known models, some additional a priori information needs to
be incorporated into the interpolation algorithm in order to relate the interpolated models to the
original behavior. For example if it is known that the original system is stable everywhere in the
valid parameter domain then the interpolated system should be stable as well. Many stability
preserving techniques were developed and applied on dissipative systems [8], Port-Hamiltonian
systems [9], passive systems [10], and general class of linear time-invariant (LTI) systems [5,11].
Interpolation-based pMOR algorithms interpolate between LTI systems which are samples of
a parametric LTI system so the term parametric LTI interpolation is used to denote the action
required to accomplish an interpolation-based pMOR algorithm.

In this work a stability and minimal phase preserving interpolation method is proposed for
parametric MIMO LTI systems with a scalar parameter.

1.1.3 Identification of LTI system

Determining pole locations is fundamental in many linear-system modeling tasks, and a variety
of methods have been developed to address it. In particular, identifying spectral peaks in noisy
measurements can be viewed as a pole-identification problem. Such situations arise frequently
in the analysis of vibrating mechanical structures, rotating electrical machines, and industrial
processes (e.g., in power-generation systems such as nuclear power plants).

For use of parametric methods in time domain one can cite variations of Prony–methods [12]
and those assuming linear signal- and system-models, i.e. applying autoregressive (AR) or
autoregressive moving-average (ARMA) model identifications and associated spectral analysis
[13], as well as identification of matrix partial fraction models [14], and subspace approaches
[15]. Disadvantage of these approaches is that associated to the parametrization problem, both
the structure and the parameters have to be estimated, leading to, in many situations, unreliable
results.

Another approach is the use of rational orthogonal bases [16] that needs a priori knowledge on
the pole locations. Special attention is paid on the problems of pole selection and validation [17].
There exist methods to refine the pole locations starting from an approximate placement of
poles [18].

This work proposes a new approach that is closely related to signal and system representations
using discrete rational Laguerre–basis in H2(D). (D := {𝑧 ∈ C : |𝑧 | < 1}) The poles of the
system can be identified by applying Fourier transform on the Laguerre–coefficient that can be
computed using frequency domain data.
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1.2 Overview of the thesis

1.2 Overview of the thesis

After the introduction, the literature related to the application of hyperbolic geometry in engin-
eering is discussed in Chapter 2.

Chapter 3 presents mathematical preliminaries that are used in the upcoming material. The
basic features of hyperbolic geometry is presented along with a discussion of 𝐻2 Hardy space
and discrete Laguerre transformation.

In Chapter 4 results are reported, connecting the 𝐻∞ norm and the 𝜈-gap metric with the
hyperbolic distance; under specified assumptions, the equivalence of (i) the 𝐻∞ norm of the
difference of two first-order LTI systems, (ii) the 𝜈-gap of these systems and (iii) the hyperbolic
distance is also proved.

A new application of hyperbolic geometry is described in Chapter 5. A stability preserving
interpolation method is proposed for parametric SISO LTI systems with a scalar parameter that
also guarantees minimum phase property. The parametric SISO LTI system is sampled over a
grid of parameter values and the interpolated system is calculated between these samples. The
proposed method is based on the geometrical interpolation of the poles and the zeros. The
poles and the zeros travel on a particular trajectory while the scalar parameter changes and
the samples of these trajectories are known. As the real paths are unknown between samples,
artificial trajectories are proposed which are hyperbolic lines. The method is extended for MIMO
systems as well.

In Chapter 6 a new method of identification of the poles is proposed for discrete time linear
system. The discrete rational transfer function is represented in a rational Laguerre basis.
Laguerre coefficients are considered as a sum of oscillating signals that gives us the opportunity
to estimate the places of poles of the system by the Fourier transform of the Laguerre–coefficients.

Finally, a conclusion is given in Chapter 7 and future research is stated.

Disclosure of AI assistance. In line with the Committee on Publication Ethics (COPE) re-
commendations regarding transparency, I hereby disclose the usage of artificial intelligence in
the preparation of this manuscript. A large language model (ChatGPT 5.2) was used solely to
improve English grammar, wording, and readability. All suggestions generated by the AI were
carefully reviewed, verified, and edited by the author, who takes full responsibility for the final
content of the manuscript.
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Chapter 2

Literature review

In this section the application of hyperbolic geometry in engineering is reviewed. The general
mathematical description has a vast literature (just to name some: [19] [20] [21]) and the
discussion of it is beyond the scope of this thesis. The hyperbolic geometry is also used
in physics for example in special relativity [22] but we focus on the applications relevant in
engineering. In the last part of this chapter we focus on the summary of the literature of
parametric interpolation of LTI systems. The application of hyperbolic geometry in parametric
LTI interpolation is a new approach that is introduced in this thesis.

Material science

Certain crystal structures are linked with hyperbolic surfaces [23] [24].
Apart from the well known morphologies, such as lamellae, cylinders and spheres, other

new microdomain morphologies have been described. Those new morphologies are important
from both academic and industrial points of view as these belong to a new class of microdomain
structures and their interfaces are hyperbolic surfaces. Novel morphologies can be predicted
with mathematical modelling of microdomain interfaces with a variety of hyperbolic surfaces.
The shape of the interface between two phases plays a key role in description of microdomain
morphology. The base of the classification can be the local curvature of the interfaces with the
given topological continuity.

Network science

A geometric framework for complex networks was developed (see [25] [26] [27]) to study the
structure and function of complex networks. As it is described under some realistic assumptions,
hyperbolic geometry naturally appears. The underlying geometric properties make some forms
of analyses of complex networks less complicated.
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Impedance matching

Problems such as finding a proper solution for transmission lines and matching circuits can
be efficiently handled by Smith chart [28] [29]. The graph of the chart that is plotted on the
complex plane can be used to depict multiple parameters such as impedances, admittances,
scattering parameters, noise figure circles, constant gain contours and regions for unconditional
stability, including mechanical vibrations analysis. The correspondence between hyperbolic
geometry and Smith chart can be captured in the fact that Smith chart can aid performing
Möbius transformation. More general aspect of the correspondance of hyperbolic geometry and
impedance matching problem is discussed in [30] [31] [32].

Robust control

Certain kinds of robust control synthesis problems are considered in [33] [34] [35] from a
complex function theoretic point of view. The usage of hyperbolic metric on the unit disk gives
us the opportunity to simplify the robust stabilization problem into an easily solvable problem
in hyperbolic geometry. More general can be built up on this approach to treat several different
problems.

System identification

The most successful application area of hyperbolic geometry is system identification, where
various methodologies are developed in the literature. In [36] [37] [38] the hyperbolic metric on
Poincaré disk model is applied in LPV identification framework. A bases-selection algorithm
is developed based on hyperbolic geometric results that can be used for selecting bases of
orthogonal bases function based LPV model structure.

In the field of LTI identification and signals and systems theory principles of the hyperbolic
geometry are extensively applied in [39] [18] [40] [41] [42] [43] [40] [44] [45] [1] [46] [2].
Hyperbolic metric and Laguerre representation of analytic functions can be outlined to give us
the opportunity to derive the poles of the functions. Pole determination in such a way leads to
the intersection of hyperbolic circles.

The presented work in section 4 is loosely connected to the work of [33] [34] [35], so the
analysis of the correspondence of linear systems are further investigated. In section 5 a new way
of application of the hyperbolic geometry in engineering is introduced on the field of parametric
LTI interpolation. As it is discussed, the hyperbolic geometry is applied on the field of system
identification and in section 6 a new identification method is presented that is connected to the
usage of hyperbolic geometry.
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Parametric LTI interpolation

Various pMOR techniques have been developed and applied to different classes of systems.
Balanced truncation for parameter-dependent systems was explored in [47] that extends classical
balanced truncation to parameter-dependent systems (including differential-algebraic equations)
by computing reduced models on a set of parameter samples and constructing a single projection
subspace valid for all parameters. This approach has a computationally expensive offline part
and a much more efficient online part. Matrix interpolation techniques for local reduced order
model (ROM) interpolation appeared in [8]. The study introduces a framework for parametric
MOR via matrix interpolation. High-fidelity models are first reduced at various fixed parameter
values, producing stable local ROMs. Then, the system matrices of these ROMs are interpolated
across the parameter domain. This method ensures the interpolated ROM remains stable (using
a matrix-measure criterion). Stability-preserving interpolation was comprehensively tackled in
[5,11]. The papers propose an enhanced matrix-interpolation method that guarantees asymptotic
stability of the parametric ROM. Here, each local ROM is post-processed via semidefinite
programming to enforce strict dissipativity (passivity) so that it is stable. By interpolating
these modified (dissipative) reduced models, the resulting parametric ROM remains stable for
any intermediate parameter value. A data-driven Loewner framework for aeroelastic systems
is introduced in [48]. The authors explore data-driven identification for parametric ROMs
of aeroelastic systems. It uses a technique for modeling unsteady aerodynamic forces with
parameter dependence. The approach employs the Loewner framework to fit parametric state-
space models to frequency-domain data at multiple parameter settings, effectively interpolating
transfer-function data into a reduced-order model. Optimization-based H2 ⊗ L2 reduction was
advanced in [49]. The paper has demonstrated that the H2 ⊗ L2 reduction framework extends
to parametric LTI systems: first-order optimality conditions for structured ROMs were derived,
and a stability-preserving optimisation routine was devised that yields locally optimal, stable
reduced models with markedly lower errors at modest computational cost. Port-Hamiltonian
structure preservation for pMOR was addressed by [50]. The study contributes a method aimed
at preserving the inherent structure (e.g., port-Hamiltonian) of the original system in the reduced
models. The approach integrates structure-preserving constraints into the MOR process so that
the parametric ROM inherits properties like stability and passivity from the full-order model.
Passivity-preserving reduction across parameter ranges was discussed in [10]. The authors
focuses on preserving physical system structure during parametric reduction. It introduces a
pMOR technique that ensures the ROM remains passive (energy non-generating and stable) for
all parameter values.

8



Chapter 3

Mathematical preliminaries

3.1 Hyperbolic geometry

In the followings a short summary is presented about the most important features of the hyper-
bolic geometry (for further information see [19, 20]). The basis of hyperbolic geometry is that
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Figure 3.1: Basic geometric objects on Poincaré disk model of hyperbolic geometry
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3.1 Hyperbolic geometry

the Euclid’s parallel postulate is substituted by the axiom stating that for every line ℎ, and a
point 𝑃 not on ℎ, there are infinitely many lines through 𝑃 which does not cross ℎ. There are
many models with this property, in this paper the Poincaré disk model is applied which is also
used in the control engineering for other purposes [3, 43].

Lines are represented by Euclidean circles that are orthogonal to the unit circle, while the
hyperbolic line is the part of a circle which lies strictly inside the unit circle. In Fig. 3.1 line 𝑎
is parallel to line 𝑏 and line 𝑐 and it is easy to see that infinite number of lines can be drawn that
is parallel to line 𝑎 and go through the intersection of lines 𝑏 and 𝑐.

The Poincaré disk model is defined on the complex unit disk D := {𝑧 ∈ C : |𝑧 | < 1} with
the following distance metric:

𝑑ℎ (𝛾1, 𝛾2) = 2 tanh−1 |𝛾1 − 𝛾2 |
|1 − 𝛾2𝛾1 |

, (3.1)

where 𝛾1, 𝛾2 ∈ D and 𝛾 is the complex conjugate of 𝛾. It can be shown:

lim
|𝛾1 |→1

𝑑ℎ (𝛾1, 𝛾2) → ∞, (3.2)

i.e. the distance approaches infinity as one of the points approaches the unit circle. In other
words: the complex unit disk D represents the infinite hyperbolic 2-dimensional space in this
model.

Hyperbolic circles are the set of all points that are at a given hyperbolic distance from a given
center point (see Fig. 3.1). In Poincaré disk model the hyperbolic circles can be represented by
Euclidean circles meaning that there is an Euclidean circle for every hyperbolic circle so that
each circle has the same set of points.

It is also important to note that one can define a so called pseudo-hyperbolic distance as:

𝑑ℎ𝑝 (𝛾1, 𝛾2) =
���� 𝛾1 − 𝛾2
1 − 𝛾1𝛾2

���� . (3.3)

The Poincaré disk model equipped with the pseudo-hyperbolic distance has the same geometric
properties except that the pseudo-hyperbolic distance is not additive along geodesics (i.e., the
hyperbolic lines).

Three important theorem is presented here that express the isometric transformations on the
hyperbolic space (see [20]).
Theorem 3.1.1. Any holomorphic homeomorphism 𝑓 : D→ D is an isometry of the hyperbolic
metric.
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3.2 𝐻2 Hardy space

Theorem 3.1.2. Any holomorphic homeomorphism 𝑓 of D to itself is a Möbius transformation

𝑓 (𝑧) = 𝑎𝑧 + 𝑏
𝑐𝑧 + 𝑑 𝑎𝑑 − 𝑏𝑐 ≠ 0 (3.4)

Theorem 3.1.3. The general formula for all isometric transformation of the Poincaré disk model
is:

𝑤 =
𝛼𝑧 + 𝛽
𝛽𝑧 + 𝛼

𝛼, 𝛽 ∈ C, |𝛽 |2 − |𝛼 |2 = 1. (3.5)

3.2 𝐻2 Hardy space

Let 𝐻2(D) be the set of all functions that are analytic outside the unit circle plate D and have a
finite norm with respect to the following norm definition [51].

Let 𝑓 ∈ 𝐻2(D) and let 𝑀2( 𝑓 , 𝑟) be the following function:

𝑀2( 𝑓 , 𝑟) =
{

1
2𝜋

∫ 𝜋

−𝜋

��� 𝑓 (
𝑟𝑒i𝜔

)���2 𝑑𝜔} 1
2

, (3.6)

where 𝑟 and𝜔 are the magnitude and argument of the complex number with 𝑖 being the imaginary
unit. For any 𝑓 ∈ 𝐻2(D) the 2-norm is defined as:

∥ 𝑓 ∥2 = lim
𝑟→1

𝑀2( 𝑓 , 𝑟). (3.7)

The 𝐿2(𝜕 D) space is the space of functions 𝑔 on the unit circle 𝜕 D for which the following
norm

∥𝑔∥ =
{

1
2𝜋

∫ 𝜋

−𝜋

���𝑔 (
𝑒i𝜔

)���2 𝑑𝜔} 1
2

is bounded.
In the followings useful theorems are summarized regarding 𝐻2(D) (see [51]).

• If 𝑓 ∈ 𝐻2(D) then 𝑓 has radial limits 𝑓 ∗(𝑒𝑖𝜔) at almost all points of 𝜕 D.

• 𝑓 ∗ ∈ 𝐿2(𝜕 D).

• The mapping 𝑓 → 𝑓 ∗ is an isometry of 𝐻2(D) onto the subspace of 𝐿2(𝜕 D).

• Let 𝑓 , 𝑔 ∈ 𝐻2(D) and the inner product in 𝐻2(D) is defined by

⟨ 𝑓 , 𝑔⟩ = 1
2𝜋

∫ 𝜋

−𝜋
𝑓 ∗

(
𝑒𝑖𝜔

)
𝑔∗ (𝑒𝑖𝜔)𝑑𝜔, (3.8)

then the 𝐻2(D) space is a Hilbert space equipped with the above described inner product.

11



3.3 The discrete Laguerre-system

Every 𝐹 (𝑧) ∈ 𝐻2(D) under investigation is a strictly proper rational transfer function that
do not have zeros on the unit circle. In this case the followings are true (see [16]):

• The radial limits 𝑓 ∗(𝑒𝑖𝜔) of 𝑓 ∈ 𝐻2(D) are equal to 𝑓 (𝑒𝑖𝜔).

• The inner product among these functions can be expressed as:

⟨ 𝑓 , 𝑔⟩ = 1
2𝜋

∫ 𝜋

−𝜋
𝑓
(
𝑒𝑖𝜔

)
𝑔 (𝑒𝑖𝜔)𝑑𝜔 𝑎𝑛𝑑

⟨ 𝑓 , 𝑔⟩ = 1
2𝜋 i

∮
T
𝑓 (𝑧)𝑔

(
1
𝑧

)
𝑑𝑧

𝑧
(3.9)

Note that the there is an orthogonal complement of 𝐻2 in 𝐿2 and it is denoted by 𝐻2
⊥. In

short 𝐻2
⊥ is the set of all functions that is analytic inside the unit circle plate D and has a finite

norm. From engineering point of view the 𝐻2 space is more important since the convention is
that a discrete stable LTI systems have their poles inside the unit circle.

3.3 The discrete Laguerre-system

The discrete Laguerre system based upon parameter 𝑏 (𝑏 ∈ D) is defined as:

Φ𝑛 (𝑧) =
√︁

1 − |𝑏 |2

1 − 𝑏 𝑧
𝐵𝑛𝑏 (𝑧) (𝑛 = 0, 1, 2 . . . ), (3.10)

where
𝐵𝑏 (𝑧) = 𝑒i𝛿 𝑧 − 𝑏

1 − 𝑏 𝑧
is the Blaschke function with the arbitrary constant 𝛿 ∈ [0, 2𝜋).

It is well known – see [52] – that the discrete Laguerre system forms an orthonormal basis
in the Hardy space H2(D). Any function 𝐹 ∈ H2(D) can be expressed by the representation:

𝐹 (𝑧) =
∞∑︁
𝑛=0

𝑙𝑛Φ𝑛 (𝑧), (3.11)

where the coefficients {𝑙𝑛} – the so-called Laguerre coefficients – can be computed by using the
inner-product belonging to the space H2(D) as:

𝑙𝑛 = ⟨𝐹,Φ𝑛⟩.

By substituting the expression of the Blaschke function in (3.10) by selecting 0 for the value of

12



3.3 The discrete Laguerre-system

the arbitrary parameter 𝛿, the elements of the Laguerre system get the form

Φ𝑛 (𝑧) =
√︁

1 − |𝑏 |2 (𝑧 − 𝑏)𝑛

(1 − 𝑏 𝑧)𝑛+1
(𝑛 = 0, 1, 2 . . . )

The representation of any function 𝐹 ∈ H2(D) can be expressed on the basis of an orthogonal
projection upon the Laguerre system components, i.e. the representation coefficients can be
expressed as:

𝑙𝑛 =

〈
𝐹 (𝑧),

√︁
1 − |𝑏 |2 (𝑧 − 𝑏)𝑛

(1 − 𝑏 𝑧)𝑛+1

〉
=

=

√︁
1 − |𝑏 |2

2𝜋

∫ 𝜋

−𝜋
𝐹 (𝑒i𝑡) (𝑒−i𝑡 − 𝑏)𝑛

(1 − 𝑏 𝑒−i𝑡)𝑛+1 𝑑𝑡 =

=

√︁
1 − |𝑏 |2

2𝜋

∫ 𝜋

−𝜋
𝐹 (𝑒i𝑡) (1 − 𝑏𝑒i𝑡)𝑛

(𝑒i𝑡 − 𝑏)𝑛+1 𝑒
i𝑡 𝑑𝑡

Rewriting this form into a complex contour integral upon the unit circle, i.e. by applying the
substitution 𝑧 = 𝑒i𝑡 and considering T := {𝑧 ∈ C : |𝑧 | = 1},

𝑙𝑛 =

√︁
1 − |𝑏 |2

2𝜋i

∮
T
𝐹 (𝑧) (1 − 𝑏𝑧)𝑛

(𝑧 − 𝑏)𝑛+1 𝑑𝑧 =

=
√︁

1 − |𝑏 |2 1
2𝜋i

∮
T
𝐹 (𝑧) (1 − 𝑏𝑧)𝑛 𝑑𝑧

(𝑧 − 𝑏)𝑛+1 . (3.12)

According to Cauchy’s integral formula the Laguerre coefficients can be expressed in the form

𝑙𝑛 =

√︁
1 − |𝑏 |2
𝑛!

[
𝑑𝑛 (1 − 𝑏𝑧)𝑛𝐹 (𝑧)

𝑑𝑧𝑛

]
𝑧=𝑏

(𝑛 = 0, 1, 2 . . . )
(3.13)
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Chapter 4

Investigation of the correspondence
between hyperbolic geometry and LTI
system analysis

4.1 Introduction

The connection between hyperbolic geometry and linear time invariant systems is not obvious,
these two fields seem to be distinct from each other. As an introduction a simple example is
presented.

Consider a nominal second order, strictly proper SISO discrete transfer function 𝐻𝑁 (𝑧) with
the complex eigenvalue pair 0.9𝑒±𝑖 𝜋8 inside the unit disk. Take the perturbed systems 𝐻1(𝑧)
and 𝐻2(𝑧) with the poles 0.99𝑒±𝑖 𝜋8 and 0.81𝑒±𝑖 𝜋8 respectively. Set the static gain of each system
equal to 1 and compare their time-domain behaviors.The result is plotted in Fig. 4.1. In this
example the euclidean distance between the corresponding poles of the nominal and 𝐻1(𝑧),
𝐻2(𝑧) equals, it is 0.09. Their time domain behavior greatly differ from each other so it is
clear that the euclidean distance does not capture the dynamic behavior of these systems. The
hyperbolic distance of the corresponding poles respect to 𝐻𝑁 (𝑧) and 𝐻1(𝑧) is 2.3489 and respect
to 𝐻𝑁 (𝑧) and 𝐻2(𝑧) it is 0.6904. The hyperbolic distances between the poles suggest that the
hyperbolic metric is more suitable for comparing dynamic behavior based only on pole locations.

The hyperbolic distance has another important feature that it is meaningless if one compares
stable poles with unstable poles which is coherent with the expectations. This feature does not
hold for Euclidean distance. On the other hand, measuring the hyperbolic distance between
unstable poles is possible since one can transform them with the transformation 𝑝 = 1/𝑝 where
𝑝 is the transformed pole and bar means complex conjugate.
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Samples
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G2(z) Poles:0:81 exp ('i:=8)
Nominal system Poles:0:9 exp ('i:=8)

Figure 4.1: Impulse responses of 𝐻1(𝑧), 𝐻2(𝑧) and 𝐻𝑁 (𝑧) systems

Special properties of Laguerre series expansion

The introductory example above motivates why a non-Euclidean geometry is natural when
one compares discrete-time dynamics through pole locations within the unit disk the pseudo-
hyperbolic (and hence hyperbolic) metric reflects stability-related distortions and provides a
more meaningful notion of “closeness” than the Euclidean distance. In the sequel we make this
connection more explicit from a representation point of view.

In particular, we consider the Laguerre series expansion, an orthonormal basis expansion on
the Hardy space 𝐻2(D) that is widely used for approximating stable discrete-time LTI systems.
The basis depends on a free parameter 𝑏 ∈ D (the Laguerre parameter), and the practical
performance of the expansion is governed by its rate of convergence. This section shows that
for a first-order discrete LTI system the convergence factor is exactly the pseudo-hyperbolic
distance between the Laguerre parameter and the corresponding pole. Similar derivations can
be found in the literature: in [2] equivalence in the Hardy space 𝐻2

⊥ is proven, while in [16] only
real poles are considered. The present derivation is carried out in the 𝐻2 Hardy space which is
important from the engineering point of view. Furthermore, it is not limited to real poles.
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4.1 Introduction

In the following the convergence factor is precisely defined for orthogonal series expansion
of functions in 𝐻2.

Convergence factor

The unit pulse response 𝑔(𝑡) of a stable casual LTI system can be expressed in an orthonormal
series expansion as:

𝑔(𝑡) =
∞∑︁
𝑘=1

𝑐𝑘 𝑓𝑘 (𝑡), (4.1)

where 𝑓𝑘 (𝑡) is the 𝑘-th element of an orthonormal basis and 𝑐𝑘 is the 𝑘-th coefficient. In practical
applications all the elements of the series expansion can not be used so 𝑔(𝑡) is approximated by
the first 𝑛 elements of the series expansion. Let 𝑔(𝑡; 𝑛) be the approximation of 𝑔(𝑡) of order 𝑛.
The error of this approximation is

𝜖𝑔 (𝑡; 𝑛) = 𝑔(𝑡; 𝑛) − 𝑔(𝑡). (4.2)

The convergence factor describes the rate of convergence for the series expansion. Under
exponential approximation error one can write,

𝜖𝑔 (𝑡; 𝑛 + 𝑘)

 ≈ 𝜌𝑘



𝜖𝑔 (𝑡; 𝑛)

 (4.3)

where 𝜌 is the convergence factor (0 ≤ 𝜌 < 1).

Derivation of the convergence factor of the Laguerre series expansion

The Laguerre basis on 𝐻2(D) is defined by the following basis functions:

Φ𝑛 (𝑧) =

√︃
1 − |𝑏 |2

𝑧 − 𝑏

(
1 − 𝑏̄𝑧
𝑧 − 𝑏

)𝑛
𝑛 = 0, 1, 2 . . .

𝑏 ∈ D; 𝑏 ≠ 0 (4.4)

Let 𝐹 (𝑧) ∈ 𝐻2(D) be a strictly proper rational function that is analytic outside the unit circle
and has no pole on the unit circle. Then compute the 𝑛-th Laguerre coefficient 𝑙𝑛 of 𝐹 (𝑧) as:
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4.1 Introduction

𝑙𝑛 = ⟨Φ𝑛 (𝑧), 𝐹 (𝑧)⟩ =
1

2𝜋 i

∮
T
Φ𝑛 (𝑧)𝐹

(
1
𝑧

)
𝑑𝑧

𝑧
=

=

√︃
1 − |𝑏 |2

2𝜋 i

∮
|𝑧−𝑏 |=𝜖

(
1 − 𝑏̄𝑧

)𝑛
𝐹

(
1
𝑧

)
1
𝑧

(𝑧 − 𝑏)𝑛+1 𝑑𝑧+

+ 1
2𝜋 i

∮
|𝑧 |=𝜖

(1−𝑏̄𝑧)𝑛
(𝑧−𝑏)𝑛+1𝐹

(
1
𝑧

)
𝑧

𝑑𝑧 (4.5)

where 0 < 𝜖 < |𝑏 |.
Applying the Cauchy integral formulas to (4.5) the Laguerre coefficients are rewritten as:

𝑙𝑛 =


√︃

1 − |𝑏 |2

𝑛!
𝑑𝑛

𝑑𝑧𝑛

(
1
𝑧

(
1 − 𝑏̄𝑧

)𝑛
𝐹

(
1
𝑧

)) 𝑧=𝑏 +
+

[√︃
1 − |𝑏 |2

(
1 − 𝑏̄𝑧

)𝑛
(𝑧 − 𝑏)𝑛+1𝐹

(
1
𝑧

)]
𝑧=0

(4.6)

At this point we restrict ourselves for stable, first-order transfer functions, in the following form:

𝐹 (𝑧) = 𝐴

𝑧 − 𝑎 (4.7)

𝐹

(
1
𝑧

)
=

𝐴𝑧

1 − 𝑎̄𝑧 (4.8)

where 𝑎 ∈ D. When substituting (4.7) and (4.8) into (4.6), the Laguerre coefficients for the
given 𝐹 (𝑧) are computed as follows:

𝑙𝑛 =


𝐴

√︃
1 − |𝑏 |2

𝑛!
𝑑𝑛

𝑑𝑧𝑛

( (
1 − 𝑏̄𝑧

)𝑛
1 − 𝑎̄𝑧

) 𝑧=𝑏 +
+

[√︃
1 − |𝑏 |2

(
1 − 𝑏̄𝑧

)𝑛
(𝑧 − 𝑏)𝑛+1

𝐴𝑧

1 − 𝑎̄𝑧

]
𝑧=0

(4.9)

It is obvious that the second term of (4.9) is zero, therefore the Laguerre coefficients of (4.7)
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4.1 Introduction

are:

𝑙𝑛 =


𝐴

√︃
1 − |𝑏 |2

𝑛!
𝑑𝑛

𝑑𝑧𝑛

( (
1 − 𝑏̄𝑧

)𝑛
1 − 𝑎̄𝑧

) 𝑧=𝑏 . (4.10)

In order to calculate 𝑙𝑛 the 𝑛-th derivative of(
1 − 𝑏̄𝑧

)𝑛
1 − 𝑎̄𝑧 =

(
1 − 𝑏̄𝑧

)𝑛 (1 − 𝑎̄𝑧)−1 (4.11)

has to be computed, for which the generalized Leibniz rule can be applied. Let 𝑢 and 𝑣 be two
n-times differentiable functions, then:

(𝑢𝑣) (𝑛) =
𝑛∑︁
𝑘=0

(
𝑛

𝑘

)
𝑢(𝑛−𝑘)𝑣 (𝑘) (4.12)

Applying (4.12) for (4.11), we get:

𝑢(𝑛−𝑘) =
( (

1 − 𝑏̄𝑧
)𝑛) (𝑛−𝑘)

=

= (−1)𝑛−𝑘 (𝑛 − 𝑘)!
(
𝑛

𝑛 − 𝑘

) (
1 − 𝑏̄𝑧

) 𝑘 (
𝑏̄
)𝑛−𝑘

𝑣 (𝑘) =
(
(1 − 𝑎̄𝑧)−1

) (𝑘)
= 𝑘! (1 − 𝑎̄𝑧)−1−𝑘 (𝑎)𝑘 (4.13)

Notice that:
(𝑛 − 𝑘)!

(
𝑛

𝑛 − 𝑘

)
=
𝑛!
𝑘!
,

so equation (4.12) takes the following form:

(𝑢𝑣) (𝑛) =
𝑛∑︁
𝑘=0

(
𝑛

𝑘

)
(−1)𝑛−𝑘 𝑛!

𝑘!
(
1 − 𝑏̄𝑧

) 𝑘 (
𝑏̄
)𝑛−𝑘

𝑘! (1 − 𝑎̄𝑧)−1−𝑘 (𝑎)𝑘 (4.14)

After some algebraic manipulation the binomial theorem can be applied to get:

(𝑢𝑣) (𝑛) = 𝑛!
(1 − 𝑎̄𝑧)𝑛+1𝐾 (𝑧) (4.15)
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4.2 Relation of 𝜈-gap metric with hyperbolic geometry

where

𝐾 (𝑧)=
𝑛∑︁
𝑘=0

(
𝑛

𝑘

)
(−1)𝑛−𝑘

(
𝑏̄
)𝑛−𝑘 (1−𝑎̄𝑧)𝑛−𝑘 (𝑎)𝑘 (

1−𝑏̄𝑧
) 𝑘
=

=
(
𝑎̄

(
1 − 𝑏̄𝑧

)
− 𝑏̄ (1 − 𝑎̄𝑧)

)𝑛
=

(
𝑎̄ − 𝑏̄

)𝑛
. (4.16)

Therefore, we arrive to the following formula:

(𝑢𝑣) (𝑛) =
𝑛!

(
𝑎̄ − 𝑏̄

)𝑛
(1 − 𝑎̄𝑧)𝑛+1 (4.17)

Consequently, the Laguerre coefficients (4.10) are:

𝑙𝑛 =


𝐴

√︃
1 − |𝑏 |2

𝑛!
𝑛!

(
𝑎̄ − 𝑏̄

)𝑛
(1 − 𝑎̄𝑧)𝑛+1

 𝑧=𝑏 =
=
𝐴

√︃
1 − |𝑏 |2

1 − 𝑎̄𝑏

(
𝑎̄ − 𝑏̄

)𝑛
(1 − 𝑎̄𝑏)𝑛 . (4.18)

From (4.18) it is obvious that the convergence factor 𝜌 of 𝐹 (𝑧) is

𝜌 =

��𝑎̄ − 𝑏̄��
|1 − 𝑎̄𝑏 | =

|𝑎 − 𝑏 |
|1 − 𝑎̄𝑏 | (4.19)

which is equal to the pseudo-hyperbolic distance between 𝑎 and 𝑏 in (3.3). It is worth to mention
that this result is true in more general cases. If 𝐹 (𝑧) has a partial fractional representation and
every pole is distinct and stable, the contribution of each partial fraction to the series expansion
has the form of (4.18). For large 𝑛 the convergence factor of 𝐹 (𝑧) is obviously equal to the
convergence factor of the term in partial fractional representation whose convergence factor is
the largest.

4.2 Relation of 𝜈-gap metric with hyperbolic geometry

In this section two preliminary results are presented on the correspondence of 𝐻∞ norm and
𝜈-gap metric with hyperbolic distance.
Theorem 4.2.1. Let 𝑃1(𝑠) and 𝑃2(𝑠) be two first order continuous time LTI SISO systems and
let 𝐻1(𝑧) and 𝐻2(𝑧) be the discrete zero-order hold equivalent of 𝑃1(𝑠), 𝑃2(𝑠). Then if the static
gains are equal to 1 and the sampling time is approaching zero:
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4.2 Relation of 𝜈-gap metric with hyperbolic geometry

• the 𝜈-gap metric of continuous systems and the pseudo-hyperbolic distance of the poles of
the discrete systems are equivalent metrics

• the 𝐻∞ norm of the difference of the continuous systems and the pseudo-hyperbolic
distance of the poles of the discrete systems are equivalent

Proof. Let the system be a first order LTI system in the form:

𝑃(𝑠) = 𝐴

𝑠 + 𝑏 . (4.20)

The normalized right graph symbol of 𝑃(𝑠) is

𝐺𝑟 =

[
𝑁 (𝑠)
𝐷 (𝑠)

]
=

[ −𝐴
𝑠+
√
𝐴2+𝑏2

−𝑠−𝑏
𝑠+
√
𝐴2+𝑏2

]
. (4.21)

In order to see that 𝑁 (𝑠) and 𝐷 (𝑠) in (4.21) are the co-prime factorization of (4.20) we write:

𝑃(𝑠) = 𝑁𝐷−1 =
−𝐴

𝑠 +
√
𝐴2 + 𝑏2

𝑠 +
√
𝐴2 + 𝑏2

−𝑠 − 𝑏 =
𝐴

𝑠 + 𝑏 , (4.22)

Furthermore, to see that (4.21) is normalized it has to satisfy the following Bezout identity:

𝑁∗𝑁 + 𝐷∗𝐷 = 𝐼 (4.23)

where 𝑁 (𝑠)∗ = 𝑁 (−𝑠)𝑇 and 𝐷 (𝑠)∗ = 𝐷 (−𝑠)𝑇 . Substitute (4.21) in (4.23):

−𝐴
−𝑠 +

√
𝐴2 + 𝑏2

−𝐴
𝑠 +

√
𝐴2 + 𝑏2

+ 𝑠 − 𝑏
−𝑠 +

√
𝐴2 + 𝑏2

−𝑠 − 𝑏
𝑠 +

√
𝐴2 + 𝑏2

=

=
𝐴2

𝐴2 + 𝑏2 − 𝑠2 + 𝑏2 − 𝑠2

𝐴2 + 𝑏2 − 𝑠2 =
𝐴2 + 𝑏2 − 𝑠2

𝐴2 + 𝑏2 − 𝑠2 = 1

so one can conclude that (4.21) is the normalized right graph symbol of 𝑃(𝑠). The same
argument can be applied to the left normalized graph symbol that is:

𝐺 𝑙 =

[
−𝐷 (𝑠) 𝑁 (𝑠)

]
=

[
𝑠+𝑏

𝑠+
√
𝐴2+𝑏2

−𝐴
𝑠+
√
𝐴2+𝑏2

]
. (4.24)

Now we are at the position to compute the 𝜈-gap between two stable systems 𝑃1(𝑠) and 𝑃2(𝑠),
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4.2 Relation of 𝜈-gap metric with hyperbolic geometry

by using the corresponding co-prime factorizations. The definition of 𝜈-gap metric (see [53]) is

𝛿𝜈 (𝑃1, 𝑃2) =



∥𝐺 𝑙2𝐺𝑟1∥∞ if 𝑑𝑒𝑡 (𝐺∗
𝑟2𝐺𝑟1) ( 𝑗𝜔) ≠ 0

∀𝜔 ∈ (−∞,∞)

and winding number of

𝑑𝑒𝑡 (𝐺∗
𝑟2𝐺𝑟1) = 0

1 otherwise

(4.25)

Now, substitute the first order dynamics of 𝑃1(𝑠) and 𝑃2(𝑠) into (4.25) using (4.21) and (4.24)

𝛿𝜈 (𝑃1, 𝑃2) =







[ 𝑠+𝑏2

𝑠+
√
𝐴2

2+𝑏
2
2

−𝐴2

𝑠+
√
𝐴2

2+𝑏
2
2

] 
−𝐴1

𝑠+
√
𝐴2

1+𝑏
2
1

−𝑠−𝑏1

𝑠+
√
𝐴2

1+𝑏
2
1









∞

=




 (𝐴2−𝐴1)𝑠+(𝐴2𝑏1−𝐴1𝑏2)
𝑠2+(𝑐1+𝑐2)𝑠+𝑐1𝑐2





∞

(4.26)

where 𝑐1 =

√︃
𝐴2

1 + 𝑏
2
1 and 𝑐2 =

√︃
𝐴2

2 + 𝑏
2
2.

Let 𝐴1 = 𝑏1 = 𝑑1 and 𝐴2 = 𝑏2 = 𝑑2 in order to set the static gain to one and substitute in
(4.26):

𝛿𝜈 (𝑃1, 𝑃2) =



 (𝐴2−𝐴1)𝑠+(𝐴2𝑏1−𝐴1𝑏2)

𝑠2+(𝑐1+𝑐2)𝑠+𝑐1𝑐2





∞
=




 (𝑑2−𝑑1)𝑠
𝑠2+

√
2(𝑑1+𝑑2)𝑠+2𝑑1𝑑2





∞

(4.27)

From the definition of 𝐻∞ norm it follows that:


 (𝑑2−𝑑1)𝑠
𝑠2+

√
2(𝑑1+𝑑2)𝑠+2𝑑1𝑑2





∞
= max

𝜔

��� (𝑑2−𝑑1)𝑖𝜔
−𝜔2+

√
2(𝑑1+𝑑2)𝑖𝜔+2𝑑1𝑑2

��� (4.28)

In (4.28) the transfer function has two real poles, which can be shown by simply solving the
quadratic formula to obtain:

𝑝1,2 =
−
√

2(𝑑1 + 𝑑2) ±
√︁

2(𝑑1 + 𝑑2)2 − 8𝑑1𝑑2

2
=

−
√

2(𝑑1 + 𝑑2) ±
√︃

2𝑑2
1 + 4𝑑1𝑑2 + 2𝑑2

2 − 8𝑑1𝑑2

2
=

−
√

2(𝑑1 + 𝑑2) ±
√︃

2𝑑2
1 − 4𝑑1𝑑2 + 2𝑑2

2

2
=
−
√

2(𝑑1 + 𝑑2) ±
√︁

2(𝑑1 − 𝑑2)2

2
=

−
√

2(𝑑1 + 𝑑2) ±
√

2(𝑑1 − 𝑑2)
2

=


−
√

2𝑑1

−
√

2𝑑2

I.e. the Bode magnitude plot has exactly one global maximum for positive 𝜔 and there is no

21



4.3 Relation of 𝐻∞ norm with hyperbolic geometry

local minimum or inflection point.
The calculation of the maximum in (4.28) is a long and standard process, therefore only the

basic steps are outlined here. Let the frequency function of (4.28) be denoted by 𝑀 (𝜔).

1. Calculate the absolute value of 𝑀 (𝜔).

(a) Expand 𝑀 (𝜔) by the complex conjugate of its denominator.

(b) Separate the real and imaginary parts.

(c) Calculate
√︁
𝑅𝑒(𝑀 (𝜔))2 + 𝐼𝑚(𝑀 (𝜔))2

2. Since the square root is monotonic, 𝐻 (𝜔) = |𝑀 (𝜔) |2 can be used, without loss of
generality.

3. Calculate the 𝜔 derivative of 𝐻 (𝜔).

4. Since the transfer function of equation (4.28) has two real poles, it is sufficient to use the
equation 𝑑𝐻 (𝜔)

𝑑𝜔
= 0 for the correct result.

The final result is
𝛿𝜈 (𝑃1, 𝑃2) =

1
√

2

����𝑑2 − 𝑑1
𝑑1 + 𝑑2

���� = ���� 1
√

2
𝑏2 − 𝑏1
𝑏1 + 𝑏2

���� (4.29)

where we applied 𝑑1 = 𝑏1 and 𝑑2 = 𝑏2.
To see the correlation of (4.29) with the hyperbolic distance, we substitute the discrete poles

of the system in the formula of the pseudo-hyperbolic distance in eq. (3.3). In order to connect
the discrete representation with the continuous one we investigate the limit of the distance with
sampling time 𝑇 approaching zero. Hence:���� lim𝑇→0

𝑒𝑏1𝑇 − 𝑒𝑏2𝑇

1 − 𝑒𝑏1𝑇𝑒𝑏2𝑇

���� = ���� lim𝑇→0

𝑏1𝑒
𝑏1𝑇 − 𝑏2𝑒

𝑏2𝑇

−(𝑏1 + 𝑏2)𝑒(𝑏1+𝑏2)𝑇

���� = ����𝑏2 − 𝑏1
𝑏1 + 𝑏2

���� (4.30)

When comparing (4.29) and (4.30) it can be seen that the only difference between the 𝜈-gap
metric and the pseudo hyperbolic distance is the scalar coefficient 1√

2
.

4.3 Relation of 𝐻∞ norm with hyperbolic geometry

Similar argument can be applied to the correspondence of the 𝐻∞ norm and pseudo hyperbolic
distance. In order to see this, we compute the 𝐻∞ norm of the difference of the stable systems
𝑃1(𝑠) and 𝑃2(𝑠) as:



 𝐴1

𝑠 + 𝑏1
− 𝐴2
𝑠 + 𝑏2






∞
=





 (𝐴2 − 𝐴1)𝑠 + (𝐴2𝑏1 − 𝐴1𝑏2)
𝑠2 + (𝑏1 + 𝑏2)𝑠 + 𝑏1𝑏2






∞

(4.31)
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4.4 Numerical example

Again, let 𝐴1 = 𝑏1 = 𝑑1 and 𝐴2 = 𝑏2 = 𝑑2 then we get:



 𝐴1
𝑠 + 𝑏1

− 𝐴2
𝑠 + 𝑏2






∞
=





 (𝑑2 − 𝑑1)𝑠
𝑠2 + (𝑑1 + 𝑑2)𝑠 + 𝑑1𝑑2






∞

(4.32)

Note that, the obtained formula has the same structure as equation (4.27), hence the same
reasoning can be applied. The final result is:



 𝐴1

𝑠 + 𝑏1
− 𝐴2
𝑠 + 𝑏2






∞
=

����𝑏2 − 𝑏1
𝑏1 + 𝑏2

���� (4.33)

Therefore, it can be concluded from (4.33) and (4.30) that the 𝐻∞ norm of the difference of
𝑃1(𝑠), 𝑃2(𝑠) is equivalent with the pseudo hyperbolic distance as the sample time approaches
zero. □

4.4 Numerical example

Let 𝑃1(𝑠) and 𝑃2(𝑠) be two continuous time LTI SISO systems with the transfer function:

𝑃1(𝑠) =
0.3

𝑠 + 0.3
, 𝑃2(𝑠) =

𝑝

𝑠 + 𝑝 (4.34)

where the pole 𝑝 is the element of the interval [0.01, 1].
Compute the

• 𝐻∞ norm of ∥𝑃1(𝑠) − 𝑃2(𝑠)∥∞

• 𝜈 − 𝑔𝑎𝑝 metric times
√

2 of 𝑃1(𝑠), 𝑃2(𝑠)

• pseudo-hyperbolic distance of the zero-order-hold equvivalent of the poles −0.3 and −𝑝

for the whole interval of 𝑝 with different sample time. The following figures show the results.
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The figures clearly show that as the sample time is approaching zero the pseudo-hyperbolic
distance becomes exactly the same quantity as 𝐻∞ norm or 𝜈 − 𝑔𝑎𝑝 metric if the discussed
assumptions hold. The 𝐻∞ norm and the 𝑠𝑞𝑟𝑡2 ∗ 𝜈 − 𝑔𝑎𝑝 metric are the top of each other as
expected. The error is calculated with respect to 𝑠𝑞𝑟𝑡2 ∗ 𝜈 − 𝑔𝑎𝑝. In the third figure, where the
sample time is 0.1 sec, the error is due to the numeric error.
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4.5 Application in reduction of linear parameter varying system
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4.5 Application in reduction of linear parameter varying sys-
tem

4.5.1 Introduction

The discovered connection can be viewed as the hyperbolic distance representing dynamic
similarities from a specific point of view between two first order systems. In higher order
systems the connection between the hyperbolic distance and the dynamic similarities can be
exploited if two systems are compared pole-by-pole. So for example a linear parameter varying
(LPV) system can be examined at two distinct frozen parameter values and the systems at those
distinct parameter values can be compared pole-by-pole based on hyperbolic distance. More
details about LPV systems can be found in [54], [55], [56]. In the following a summary is given
about the application of hyperbolic distance in LPV reduction framework that was published
in [LPG+17] [GLP+16].

4.5.2 Problem formulation

A continuous-time LPV system can be given in a state-space form as follows

𝐺 (𝜌) :
¤𝑥(𝑡) = 𝐴(𝜌(𝑡))𝑥(𝑡) + 𝐵(𝜌(𝑡))𝑢(𝑡)
𝑦(𝑡) = 𝐶 (𝜌(𝑡))𝑥(𝑡) + 𝐷 (𝜌(𝑡))𝑢(𝑡),

(4.35)
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4.5 Application in reduction of linear parameter varying system

where 𝜌 : R+ → R denotes the time varying scalar scheduling parameter, 𝑥 : R+ → R𝑛𝑥 ,
𝑢 : R+ → R𝑛𝑢 and 𝑦 : R+ → R𝑛𝑦 , are respectively the state, input and output. The matrix
functions 𝐴 : R→ R𝑛𝑥×𝑛𝑥 , 𝐵 : R→ R𝑛𝑥×𝑛𝑢 , 𝐶 : R→ R𝑛𝑦×𝑛𝑥 , 𝐷 : R→ R𝑛𝑦×𝑛𝑢 are continuous
functions of 𝜌. We assume that both 𝜌, ¤𝜌 and ¥𝜌 are bounded.

In order to perform the numerical computations, the LPV system (4.35) is evaluated over a
parameter grid Γ = {𝜌1 = 𝜌𝑚𝑖𝑛, 𝜌2, . . . , 𝜌𝑁 = 𝜌𝑚𝑎𝑥}, 𝜌1 < 𝜌2 < . . . < 𝜌𝑁 and the set of LTI
systems, obtained at the grid points. This grid-based representation is often directly generated
by trimming a nonlinear system at different operating points [57].

The aim of the model reduction is to find 𝐺𝑟𝑒𝑑 (𝜌, ¤𝜌, { ¥𝜌}) of order 𝑛𝑟𝑒𝑑𝑥 ≪ 𝑛𝑥 to be used for
designing a model based controller for (4.35). Therefore, the input-output behavior of the full
order model has to be preserved as much as possible.

4.5.3 Summary of the reduction algorithm

The proposed model reduction algorithm is based on a similar representation as modal descrip-
tion but this is applied for LPV systems. The modal form for LTI systems can be represented
by the block-diagonal structure of the system matrix in state space form, where each block
corresponds to an eigenvalue. In order to extend this idea for the LPV system, a diagonalizable
system matrix is necessary. So as a firs step the eigendecomposition of the sequence of matrices
is computed. The result are the eigenvalues and eigenvectors at every gridpoint. After this
point the problem is that the correspondence of the eigenvalues are not assured and one has to
reconstruct the correct ordering of the eigenvalues over the parameter domain. For this purpose,
a graph-theoretic solution is proposed in [GLP+16]. The problem is reformulated as a minimum
cost perfect-matching problem over bipartite graphs (see [58], [59]) using pseudo-hyperbolic
metric between the eigenvalues. At this point the usage of pseudo-hyperbolic metric is adequate
because only one eigenvalue is compared to an other one, therefore, from the discussion above
it follows that it carries information about the dynamic similarities.

The next step is to ensure smooth interpolation of the resulting system over the entire para-
meter domain. For this it is necessary to correct the eigenvector systems since the parameter-
varying eigenspace can contain arbitrary sign changes. The problem is translated into a com-
plex Procrustes-problem (see [60], [61], [62]) that generates an optimal transformation using
Frobenius norm which renders the eigenvectors as close to each other as possible.

After smoothing, the states are grouped into smaller sets by using hierarchical clustering
( [63], [64]). The main idea is to divide the system into smaller subsystems by selecting
dynamically similar modes together then this smaller set can be reduced as an LPV system. For
this purpose, a similarity measure is defined to compare parameter-varying modes by using the
pseudo-hyperbolic metric [GLP+16]. At each step of the clustering, those two data objects are
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4.6 Conclusion

merged, where the distance is the smallest. This is repeated until all modes are merged into a
single cluster.

For each subsystem, a quadratic controllability and observability Gramians are computed
respectively. The corresponding Lyapunov inequalities are constructed as finite number of
LMI constraints by gridding over the admissible parameter domain. The proposed iterative
optimization is solved in [65] where the parameter-varying singular values, along with the
balancing transformations, are constructed. The parameter-varying transformation introduces
an affine dependency in the reduced blocks.

4.6 Conclusion

As it is demonstrated, hyperbolic geometry has intrinsic relations with LTI system theory that
can be seen from the presented fact that for a special setup some important quantities in control
engineering are identical with the hyperbolic distance. More precisely we can take 𝑃1(𝑠) and
𝑃2(𝑠) as two first order continuous time LTI SISO systems and 𝐻1(𝑧) and 𝐻2(𝑧) as the discrete
zero-order-hold equivalent of 𝑃1(𝑠), 𝑃2(𝑠). If we set the static gains equal to 1 and if the
sampling time approaches zero, the 𝜈-gap metric of continuous systems and the 𝐻∞ norm of
the difference of the continuous systems become equivalent metrics to the pseudo-hyperbolic
distance of the poles of the discrete systems.

This finding offers a technique to analyze dynamic similarities between poles that essentially
determines the dynamics of a LTI system based on a geometric approach. As it is presented,
pole based comparison between LTI systems can be applied for LPV model reduction.

The fact that the hyperbolic distance takes two complex numbers as an input parameter seems
to constrain the technique to pole-by-pole comparison but as the intuitive example in section
4.1 suggests the method may work on higher order systems but this extension requires further
investigation in the future.

New scientific results:

Thesis 1. Let 𝑃1(𝑠) and 𝑃2(𝑠) are two first order continuous time LTI SISO systems and let
𝐺1(𝑧) and𝐺2(𝑧) are the discrete zero-order hold equivalent of 𝑃1(𝑠), 𝑃2(𝑠) with an appropriate
sampling time. Then, if the static gains are equal to one and the sampling time is approaching
zero:

• the 𝜈-gap metric of continuous systems and the pseudo-hyperbolic distance of the poles of
the discrete systems are equivalent metrics
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4.6 Conclusion

• the 𝐻∞ norm of the difference of the continuous systems and the pseudo-hyperbolic
distance of the poles of the discrete systems are equivalent

Corresponding publications: [GPLS17]
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Chapter 5

Parametric LTI interpolation based on
hyperbolic lines

5.1 Introduction

Ordinary differential equations are a powerful tool for modeling dynamic systems. However,
accurate models often involve a large number of equations, primarily aiding in understanding
complex physical phenomena. When used for simulation, control design, or vibration optimiza-
tion, these models can be computationally inefficient, demanding significant execution time and
memory. To overcome this challenge, model order reduction techniques have been developed,
creating reduced-order models that approximate the input-output behavior of large-scale sys-
tems with far fewer equations. Additionally, in engineering applications, system dynamics
often depend on parameters such as material properties, geometry, or configuration. In such
cases, parametric model order reduction (pMOR) [5] is necessary to account for these variations
efficiently.

Generating and reducing large-scale models can be highly resource-intensive. For instance,
a complex computational fluid dynamics (CFD) simulation [66, 67] may take days to evaluate
at a single value of the parameter. Similarly, optimizing a mechanical structure for vibration
using the finite element method (FEM) often requires model evaluations at every step, even
for systems with thousands of states. The primary objective of pMOR is to generate a reduced
model that remains accurate for any parameter value, eliminating the need to repeat the modeling
and reduction process.

Typically, high-dimensional models that depend on parameters are only available at specific
parameter values. As a result, most pMOR techniques leverage interpolation. The general
approach of interpolation-based methods follows a two-step process: first, the high-dimensional
models at selected parameter values are reduced independently. Then, reduced models for other
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5.1 Introduction

parameter values are generated through interpolation using the existing reduced models ( [6,7]);
see Figure 5.1.

  

Reduction

Interpolation

Parameter change

Figure 5.1: Basic process of pMOR

The figure represents a cantilever beam with varying lengths, treated as a parametric system.
In this setup, reduced-order models are generated for different beam lengths. Once these reduced
models are obtained, interpolation is performed between them to efficiently approximate the
system’s behavior for new, unseen lengths—without needing to run a full simulation each time.

Because the behavior of the complex system at the desired parameter value is not directly
known, additional prior information must be integrated into the interpolation algorithm. This
ensures that the interpolated models closely capture the original behavior of the system beyond
the initially available models. For instance, if the original system is known to be stable across
the entire valid parameter domain, the interpolated system should also maintain stability.

Another crucial aspect is ensuring that the interpolated model behaves similarly to the
original high-order system. Since interpolation relies on information from a given set of reduced
models, the parameter domain must be sampled densely enough to capture the system’s behavior
accurately. More specifically, the combination of known models and a priori knowledge of the
original system provides sufficient information to construct an interpolated model that closely
resembles the original system from an application-specific perspective.

In most parametric LTI model interpolation, system evaluations are performed at selected
parameter values, which serve as anchor points for interpolation. However, selecting these
values is a non-trivial task. Poor choices can lead to significant errors, especially in regions with
rapid system variation.
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To improve accuracy, samples should capture key changes in system behavior. Rather
than distributing points uniformly, methods like adaptive sampling, sensitivity analysis, are
used to place samples where they are most informative [68, 69]. These techniques proposes
an automated adaptive sampling strategy for parametric model order reduction (pMOR) using
matrix interpolation, where sampling points are chosen based on subspace distances to efficiently
generate reduced models. The downside of this methods are that it is not evident how subspace
distances translate to system behavior. In this regard the paper present a novel sampling criteria
that links the criteria to the pole locations which can be interpreted easily by a trained user as
system behavior.

An effective application of such algorithms is optimizing drone structures. Enhancing
unmanned aerial vehicle (UAV) design to minimize vibration improves flight stability, sensor
accuracy, and component lifespan. In fixed-wing UAVs, it also helps mitigate flutter [70].
Drones are widely used in aerial surveying [71] and agriculture [72], but structural advancements
can further enhance efficiency and durability. For multirotors, reducing frame resonance and
motor-induced vibrations is as important as minimizing weight. Topology optimization [73,74]
refines arm and hub structures to achieve an optimal stiffness-to-weight ratio. Fixed-wing
UAVs prioritize reducing aeroelastic effects and engine-induced vibrations by optimizing wing
and fuselage structure. Finite element analysis (FEA) and CFD provide accurate vibration
predictions but require significant computational resources.

In the case of a scalar parameter, the poles of the parametric LTI system move along a
root locus or trajectory. However, for sampled systems, only discrete points along these loci
are known. The key idea was to replace the unknown continuous trajectories with artificial
ones between the sampled points, enabling interpolation along these constructed paths. It was
shown that using hyperbolic lines as interpolating paths is particularly advantageous, as they
preserve stability when the system is stable for all parameter values. Moreover, the interpolated
system remains close to the original samples in the 𝐻∞ norm and, in certain cases, retains the
minimum-phase property.

In this chapter two parametric LTI interpolation methods are presented. Accordingly, the
chapter is organized into two main parts. In each part the problem is formulated, the corres-
ponding algorithm is described and analyzed, and the discussion is closed with a numerical
example.

The first part presents a stability-preserving interpolation technique for which a specific error
bound can be calculated. The second part extends the approach to also guarantee minimum-
phase properties besides the features of the first method.

Finally, to support the intended vibration-related applications and the numerical examples, a
new sampling criterion is presented alongside a new structure-preserving reduction method for
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5.2 Stability preserving parametric LTI interpolation with guaranteed bounds

beam-like structures. This part explains how a Bernoulli (Euler–Bernoulli) beam description can
be used to obtain reduced parametric LTI models with the required structure for the interpolation
framework.

5.2 Stability preserving parametric LTI interpolation with
guaranteed bounds

5.2.1 Problem formulation

In this section, the following single input single output (SISO) discrete time linear time-invariant
system (LTI) is considered:

𝐺 (𝜆) :

𝑥𝑡+1 = 𝐴(𝜆)𝑥𝑡 + 𝐵(𝜆)𝑢𝑡
𝑦𝑡 = 𝐶 (𝜆)𝑥𝑡

(5.1)

where 𝐴(𝜆) ∈ R𝑛×𝑛, 𝐵(𝜆) ∈ R𝑛×1, 𝐶 (𝜆) ∈ R1×𝑛 are parameter dependent matrices with the
scalar parameter 𝜆 ∈ R. The input and the output is 𝑢𝑡 ∈ R and 𝑦𝑡 ∈ R respectively. The state
variable is 𝑥𝑡 ∈ R𝑛. It is important to note that the main difference between LPV and parametric
LTI systems is that the parameter does not depend on time in the case of parametric LTI.

The followings are assumed on 𝐺 (𝜆):

1. it is stable for every 𝜆

2. it has no repeated poles

3. for fixed 𝜆 let 𝐻𝜆 (𝑧) = 𝐶 (𝜆) (𝑧𝐼 − 𝐴(𝜆))−1 𝐵(𝜆) be the transfer function of 𝐺 (𝜆) with the
partial fractional expansion

𝐻𝜆 (𝑧) =
𝑟1(𝜆)

𝑧 − 𝑝1(𝜆)
+ 𝑟2(𝜆)
𝑧 − 𝑝2(𝜆)

+ . . . + 𝑟𝑛 (𝜆)
𝑧 − 𝑝𝑛 (𝜆)

(5.2)

let 𝑝𝑖 (𝜆) and 𝑟𝑖 (𝜆), 𝑖 = 1 . . . 𝑛 be the poles and the residuals, respectively.
It is assumed that the described model 𝐺 (𝜆) cannot be (or practically cannot be) evaluated

at an arbitrary 𝜆 instead, it is known at 𝑘 given points of 𝜆 that is 𝐺𝑖 = 𝐺 (𝜆𝑖) 𝑖 = 1 . . . 𝑘 . This
assumption means that the behavior of the model 𝐺 (𝜆) is not known if 𝜆 ≠ 𝜆𝑖, 𝑖 = 1 . . . 𝑘 . For
large scale systems it is a general problem since the dependency of 𝜆 in 𝐺 (𝜆) is rarely known in
closed form.
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Since there is a scalar parameter 𝜆 ∈ R it is important to note that there is a natural ordering
of the models e.g. one can say that the adjacent known models of 𝐺 (𝜆) (𝜆𝑖 ≤ 𝜆 ≤ 𝜆𝑖+1) are 𝐺𝑖,
𝐺𝑖+1. This ordering is used in the following.

It is worth to note that the requirement to have no repeated pole just slightly decreases the
generality. In practice to eliminate the repeated poles some perturbation can be added to the
original model without affecting the behavior significantly.

Existing methods guarantee stability but other important premises are not addressed. In
this section one more crucial a priori assumption is incorporated into the interpolation method.
One can assume that samples from the domain of the parameter are taken so the model 𝐺 (𝜆)
(𝜆𝑖 ≤ 𝜆 ≤ 𝜆𝑖+1) does not "deviate" arbitrary from the adjacent known models 𝐺𝑖, 𝐺𝑖+1. In other
words, this assumption says that the real model does not behave arbitrary when the parameter
is between known models. Without this assumption any interpolation method could give an
inconsistent result. One way to formally state this assumption is the following: the known
systems 𝐺𝑖 (𝑖 = 1 . . . 𝑘) are distributed in a way that for every 𝑖 a scalar valued 𝑓 function exists
that satisfies:

∥𝐺 (𝜆) − 𝐺𝑖∥ ≤ 𝑓 (𝐺𝑖+1, 𝐺𝑖)
∥𝐺 (𝜆) − 𝐺𝑖+1∥ ≤ 𝑓 (𝐺𝑖+1, 𝐺𝑖) 𝜆𝑖 ≤ 𝜆 ≤ 𝜆𝑖+1 (5.3)

where 𝑓 depends only on the known 𝐺𝑖+1 and 𝐺𝑖 and double bar means an application specific
system norm.

Inequality (5.3) means that the function 𝑓 gives an upper bound on the norm of the difference
between a neighboring model and the interpolated model. In practice it is hard to verify that
this assumption holds or not but it is an essential requirement that the known models have to
relate to the interpolated model.

The interpolation algorithm introduced in this section is stability preserving and follows the
assumption posed in (5.3) with respect to the 𝐻∞ norm. So in Section 5.3.5 it is shown that an
𝑓 function exists for the proposed interpolation method in a form:

𝐺̂ (𝜆) − 𝐺𝑖




∞ ≤ 𝑓 (𝐺𝑖+1, 𝐺𝑖)

𝐺̂ (𝜆) − 𝐺𝑖+1



∞ ≤ 𝑓 (𝐺𝑖+1, 𝐺𝑖) 𝜆𝑖 ≤ 𝜆 ≤ 𝜆𝑖+1 (5.4)

where 𝐺̂ (𝜆) is the interpolated model. It is worth to mention that the existence of 𝑓 in (5.3) is
assumed so it depends on the properties of the interpolation method whether 𝑓 in (5.4) can be
constructed or not.
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5.2.1.1 Notations

In Section 5.3.1 the algorithm is described in details and as it is shown 𝐺̂ (𝜆) 𝜆𝑖 ≤ 𝜆 ≤ 𝜆𝑖+1 is
determined by 𝐺𝑖+1, 𝐺𝑖 and 𝜆 so only the adjacent models and the parameter is used.

The known models 𝐺𝑖+1 and 𝐺𝑖 are changed to 𝐺2 and 𝐺1 respectively. So for example the
𝑗 𝑡ℎ pole of the 𝐺𝑖+1 model is 𝑝 𝑗2 the 𝑗 𝑡ℎ residual of 𝐺𝑖 is 𝑟 𝑗1.

The parameter 𝜆 is changed to 𝜌 in a way that as 𝜆 goes from 𝜆𝑖 to 𝜆𝑖+1 𝜌 goes from zero to
one. The correspondence between 𝜆 and 𝜌 is as follows:

𝜆 = (1 − 𝜌)𝜆𝑖 + 𝜌𝜆𝑖+1 𝜌 ∈ {0, 1} (5.5)

So the interpolated model is noted by 𝐺̂ (𝜌) for the parameter interval 𝜆𝑖 ≤ 𝜆 ≤ 𝜆𝑖+1. The 𝑗 𝑡ℎ

pole and residual of 𝐺̂ (𝜌) are 𝑝 𝑗 (𝜌) and 𝑟 𝑗 (𝜌)

5.3 Problem Formulation

In this paper, MIMO discrete time linear time-invariant systems are considered. Usually the
underlying phenomena which are examined are inherently continuous systems but they can be
sufficiently approximated with discrete time systems and all the discussion is carried out with the
assumption that the real system is modeled with a discrete system using appropriate sampling.
Formally, let an element of the transfer function matrix be a generic transfer function [75]:

𝐻 (𝑧, 𝜁) =

𝑚∑
𝑘=0

𝑏𝑘 (𝜁)𝑧−𝑘

1 +
𝑛∑
𝑘=1

𝑎𝑘 (𝜁)𝑧−𝑘
(5.6)

where:

• 𝜁 ∈ R is the parameter,

• 𝐻 (𝑧, 𝜁) is the transfer function at a certain 𝜁 value,

• 𝑧 is the complex variable of the function.

• {𝑏𝑘 (𝜁)} are the numerator coefficients, where 𝑏𝑘 (𝜁) ∈ R,

• {𝑎𝑘 (𝜁)} are the denominator coefficients, where 𝑎𝑘 (𝜁) ∈ R,

• 𝑚 is the order of the numerator,

• 𝑛 is the order of the denominator.
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The following assumptions are made on 𝐻 (𝑧, 𝜁):

• the transfer function remains stable for all 𝜁 ,

• it does not have any repeated poles,

• 𝑚 < 𝑛, ensuring a proper transfer function,

• {𝑏𝑘 (𝜁)} and {𝑎𝑘 (𝜁)} are continuous function of 𝜁 .

• the sampling frequency is chosen to be high enough to ensure that all poles are mapped
to the right-hand side of the complex plane, while still remaining within the unit circle.

It is further assumed that for an element of the transfer function matrix that is 𝐻 (𝑧, 𝜁) there is a
partial fractional expansion,

𝐻 (𝑧, 𝜁) = 𝑟1(𝜁)
𝑧 − 𝑝1(𝜁)

+ 𝑟2(𝜁)
𝑧 − 𝑝2(𝜁)

+ . . . + 𝑟𝑛 (𝜁)
𝑧 − 𝑝𝑛 (𝜁)

(5.7)

where 𝑝𝑖 (𝜁) and 𝑟𝑖 (𝜁), for 𝑖 = 1, . . . , 𝑛, represent the poles and residues.
The model 𝐻 (𝑧, 𝜁) is assumed to be difficult or impractical to evaluate for arbitrary values

of 𝜁 . Instead, it is only available at 𝑘 specific points, given by 𝐺𝑖 = 𝐻 (𝑧, 𝜁𝑖) for 𝑖 = 1, . . . , 𝑘 .
Consequently, the behavior of 𝐻 (𝑧, 𝜁) remains unknown for any 𝜁 other than these given points.

Given that 𝜁 is a scalar parameter, it is important to note that the models have a natural
ordering. For instance, one can identify adjacent known models of 𝐻 (𝑧, 𝜁) 𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1 as 𝐺𝑖
and 𝐺𝑖+1. This ordering will be utilized in the following discussion.

This paper presents an interpolation algorithm that preserves stability and ensures that the
deviation of the interpolated model from the known adjacent models remains within a guaranteed
upper bound in terms of the 𝐻∞ norm. Formally, there exists a function 𝑓 associated with the
proposed interpolation method such that:

∥𝐺 (𝜁) − 𝐺𝑖∥∞ ≤ 𝑓 (𝐺𝑖+1, 𝐺𝑖)
∥𝐺 (𝜁) − 𝐺𝑖+1∥∞ ≤ 𝑓 (𝐺𝑖+1, 𝐺𝑖), 𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1 (5.8)

where 𝐺 (𝜁) is the interpolated model. The derivation of 𝑓 is presented in Section 5.7.
The proposed method is beneficial when it is known a priori that the given system remains

stable for all parameter values and that the unknown function 𝐻 (𝑧, 𝜁), within the range 𝜁𝑖 ≤
𝜁 ≤ 𝜁𝑖+1, exhibits a behavior "similar" to 𝐺𝑖 and 𝐺𝑖+1. Such conditions frequently arise in
practical applications. For instance, while the dynamics of an airplane vary with airspeed, it is
known that the system remains stable within a certain speed range, and these dynamics change
gradually. Similarly, geometrical modifications in a mechanical component often (though not
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always) result in predictable changes in its dynamic behavior. If the dynamics of the system are
known for specific configurations, physical considerations suggest that other configurations will
not exhibit arbitrary deviations.

Discussion on Assumptions

The requirement that 𝐻 (𝑧, 𝜁) remains stable for all 𝜁 is very reasonable. In practical engin-
eering, most systems are designed to operate stably across a range of parameter values. Many
physical systems—such as electrical circuits, mechanical structures, and control systems—can
be modeled this way, and stability under parametric variation is often a core design goal.

The assumption that 𝐻 (𝑧, 𝜁) has no repeated poles is moderately restrictive but still often
realistic. In practice, repeated poles are uncommon in physical systems due to inherent damping
and parameter variability. While idealized or overly simplified models may include repeated
poles, most real-world systems do not. If this assumption is not met, the system may exhibit
more complex transient behavior and be more sensitive to small changes in parameters, which
complicates both analysis and implementation.

The condition 𝑚 < 𝑛, ensuring a proper transfer function, is very standard and reflects
the fact that real systems are causal and physically realizable. Nearly all real-world dynamic
systems—across domains such as electronics, mechanics, and thermal processes—satisfy this
assumption.

Lastly, the assumption that each element of 𝐻 (𝑧, 𝜁) admits a partial fraction expansion is
common and reasonable. Most linear time-invariant systems with rational transfer functions can
be expressed this way. If this assumption does not hold, it may indicate that the system is not
described by a rational function, which limits the use of standard analytical and numerical tools
in engineering practice.

Overall, these assumptions are not overly restrictive and align well with the characteristics
of many real-world systems. They ensure that the model remains both mathematically tractable
and physically meaningful.

Notations

Section 5.6 provides a detailed description of the algorithm. As demonstrated, 𝐺 (𝜁) for 𝜁𝑖 ≤
𝜁 ≤ 𝜁𝑖+1 is determined solely by 𝐺𝑖+1, 𝐺𝑖, and 𝜁 , meaning that only the adjacent models and the
parameter 𝜁 are utilized.

For convenience, the known models 𝐺𝑖+1 and 𝐺𝑖 are relabeled as 𝐺2 and 𝐺1, respectively.
Accordingly, the 𝑗 𝑡ℎ pole of the 𝐺𝑖+1 model is denoted as 𝑝 𝑗2, while the 𝑗 𝑡ℎ residual of 𝐺𝑖 is
represented as 𝑟 𝑗1.
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Additionally, the parameter 𝜁 is transformed into 𝜌 such that as 𝜁 varies from 𝜁𝑖 to 𝜁𝑖+1, 𝜌
transitions from zero to one. The relationship between 𝜁 and 𝜌 is given by:

𝜁 = (1 − 𝜌)𝜁𝑖 + 𝜌𝜁𝑖+1, 𝜌 ∈ {0, 1}, 𝑖 ∈ {1, 2, 3, ...} (5.9)

Thus, the interpolated model is represented as 𝐺 (𝜌) over the parameter range 𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1.
The 𝑗 𝑡ℎ pole and residual of 𝐺 (𝜌) are denoted as 𝑝 𝑗 (𝜌) and 𝑟 𝑗 (𝜌), respectively.

5.3.1 Algorithm

The presented algorithm shows the interpolation between two adjacent models 𝐺1 and 𝐺2.
In this section the algorithm is outlined and the properties of the method are analyzed in the
following sections. Only the SISO case is discussed but the extension to MIMO systems is
straightforward since the interpolation is element-wise.

The basic idea is that the poles of the model move along certain trajectories on the complex
plane as the parameter changes but the model is known at certain points, therefore only samples
of the pole trajectories are known. Hence an interpolation strategy can be that the original
trajectories are substituted by artificial trajectories that connect the known points to each other.
It is a key point that the chosen type of artificial trajectory satisfies the properties that are known
a priori about the system e.g. stability (see Section 5.2.1). Hyperbolic lines are proposed to be
used as artificial trajectories between known samples because this choice is stability preserving
and has a guaranteed upper bounded estimation on the deviation from the known models. So
the 𝑖𝑡ℎ pole of the interpolated system 𝑝𝑖 (𝜌) is on the hyperbolic line that connects the 𝑖𝑡ℎ pole
of𝐺1, 𝐺2. The detailed discussion on the properies of this method is presented in Section 5.3.5.

In the followings, the steps of the algorithm are detailed.

5.3.2 Step 1: compute the poles and the residuals of 𝐺1,𝐺2.

This step is straightforward since we assumed in Section 5.2.1 that the system has a partial
fraction decomposition.

5.3.3 Step 2: pair the poles of 𝐺1,𝐺2.

As the parameter 𝜌 starts from zero to one the 𝑖𝑡ℎ pole 𝑝𝑖 (𝜌) of the model 𝐺 (𝜌) travels along
a certain trajectory on the complex plane. If a pole of 𝐺1 and a pole of 𝐺2 is on the same
trajectory, one can say that these two poles correspond to each other. As it is assumed there
are no multiple poles, therefore, these trajectories never cross each other at the same parameter
value so the trajectories are unambiguous.
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The problem is that the correspondence of the poles in 𝐺1 and 𝐺2 has to be restored since it
is not known after step 1.

Therefore, the poles have to be paired. The best pairing of the poles in 𝐺1 and 𝐺2 has to be
determined and the problem can be formulated as a graph theory problem.

As it is proposed in [GLP+16] the hyperbolic distance can be used. Consider the set of
poles of 𝐺1 𝑝1 = {𝑝11, . . . , 𝑝𝑛1} and the set of poles of 𝐺2 𝑝2 = {𝑝12, . . . , 𝑝𝑛2}. Let 𝐹 (𝑝1, 𝑝2)
be a complete bipartite graph with the vertex set 𝑝1 and 𝑝2. The edge set is defined as
𝐸 = {(𝑝𝑖1, 𝑝 𝑗2) | ∀(𝑖, 𝑗) pairs}. Let 𝑐𝑖 𝑗 be the cost of the edge (𝑝𝑖1, 𝑝 𝑗2) that is the hyperbolic
distance between the two poles 𝑝𝑖1, 𝑝 𝑗2. In order to find the corresponding poles one has to
determine a subset of the edges in a way that every vertex has exactly one pair and the sum of
the costs of the edges are minimal. Kuhn-Munkres algorithm can solve this matching problem
in polynomial time [76].

It is worth to mention that the presented pairing requires further investigation since for some
examples it cannot find the correct corresponding poles. It is also important that even if the
pairing is not perfect the interpolation method still guarantees an upper bound. It follows from
the presented results in section 5.3.5. The upper bound estimation depends on the pairing and
if the pairing is wrong, the upper bound estimate may become a higher value.

5.3.4 Step 3: construct the interpolated transfer function

A hyperbolic line has to be placed between the paired poles 𝑝𝑖1 and 𝑝𝑖2. The interpolated pole
𝑝𝑖 (𝜌) lies on that curve. In order to calculate the position of 𝑝𝑖 (𝜌) the hyperbolic line between
𝑝𝑖1 and 𝑝𝑖2 have to be parametrized by 𝜌. The parametrization is carried out as follows: 𝜌𝑤𝑖
is a line segment that starts from zero and ends at 𝑤𝑖 as 𝜌 changes from zero to one where
𝑤𝑖 ∈ D is an appropriately chosen constant. This segment can be considered as a hyperbolic
line segment (and it is on an Euclidian line segment as well) and it can be transformed into a
hyperbolic line that connects 𝑝𝑖1 and 𝑝𝑖2 as 𝜌 goes from zero to one. This transformation can be
a congruent transformation that is always a Möbius transformation on a hyperbolic plane [20].
It is a standard computation to find the coefficient for the proper Möbius transformation [20] so
without derivation:

𝑝𝑖 (𝜌) =
𝑝𝑖1 − 𝜌𝑤𝑖

1 − 𝜌𝑤𝑖𝑝𝑖1
(5.10)

The value of 𝑤𝑖 is:
𝑤𝑖 =

𝑝𝑖1 − 𝑝𝑖2
1 − 𝑝𝑖2𝑝𝑖1

(5.11)

It is easy to verify that 𝑝𝑖 (𝜌) is on the hyperbolic line that connects 𝑝𝑖1 and 𝑝𝑖2 as 𝜌 goes from
zero to one.
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To prove this one can substitute zero and one into the function 𝑝𝑖 (𝜌)

𝑝𝑖 (0) = 𝑝𝑖1

𝑝𝑖 (1) =
𝑝𝑖1 − 𝑝𝑖1−𝑝𝑖2

1−𝑝𝑖2𝑝𝑖1
1 − 𝑝𝑖1−𝑝𝑖2

1−𝑝𝑖2𝑝𝑖1 𝑝𝑖1
=

𝑝𝑖1−𝑝𝑖2𝑝𝑖1𝑝𝑖1−𝑝𝑖1+𝑝𝑖2
1−𝑝𝑖2𝑝𝑖1

1−𝑝𝑖2𝑝𝑖1−𝑝𝑖1𝑝𝑖1+𝑝𝑖1𝑝𝑖2
1−𝑝𝑖2𝑝𝑖1

=
𝑝𝑖1 − 𝑝𝑖2𝑝𝑖1𝑝𝑖1 − 𝑝𝑖1 + 𝑝𝑖2

1 − 𝑝𝑖2𝑝𝑖1 − 𝑝𝑖1𝑝𝑖1 + 𝑝𝑖1𝑝𝑖2

=
𝑝𝑖2 − 𝑝𝑖2𝑝𝑖1𝑝𝑖1

1 − 𝑝𝑖1𝑝𝑖1
=
𝑝𝑖2(1 − 𝑝𝑖1𝑝𝑖1)

1 − 𝑝𝑖1𝑝𝑖1
= 𝑝𝑖2 (5.12)

so the result is 𝑝𝑖1 and 𝑝𝑖2 respectively. 𝜌𝑤𝑖 is a hyperbolic line and a Möbius transformation,
which is an isometry on the Poincaré disk model, acts on it so the result is also a hyperbolic line.
So 𝑝𝑖 (𝜌) is on a hyperbolic line that contains 𝑝𝑖1 and 𝑝𝑖2. A hyperbolic line is fully determined
by two points, therefore, 𝑝𝑖 (𝜌) fulfills the requirements.

Remarks:
The general formula for all isometric transformation of the Poincaré disk model is (see [20]):

𝑤 =
𝛼𝑧 + 𝛽
𝛽𝑧 + 𝛼

𝛼, 𝛽 ∈ C, 0 ≺ |𝛽 | ≺ |𝛼 | .

The equation (5.10) does not obviously fit in the general formula of isometric transformations.
The following argument shows that (5.10) is an element of the set of isometric transformations.
One can write:

𝑝𝑖1 − 𝜌𝑤𝑖
1 − 𝜌𝑤𝑖𝑝𝑖1

= − 𝜌𝑤𝑖 − 𝑝𝑖1
−𝑝𝑖1𝜌𝑤𝑖 + 1

=
𝑖

−𝑖
𝜌𝑤𝑖 − 𝑝𝑖1

−𝑝𝑖1𝜌𝑤𝑖 + 1
=
𝑖𝜌𝑤𝑖 − 𝑖𝑝𝑖1
𝑖𝑝𝑖1𝜌𝑤𝑖 − 𝑖

(5.13)

so with the choice of 𝑧 = 𝜌𝑤𝑖, 𝛼 = 𝑖 and 𝛽 = −𝑖𝑝𝑖1 the expression in (5.13) is obviously the
element of the isometries of the Poincaré disk model.

The residuals 𝑟𝑖 (𝜌) are interpolated linearly so 𝑟𝑖 (𝜌) = (1 − 𝜌)𝑟𝑖1 + 𝜌𝑟𝑖2. This interpolation
strategy of the residuals, as it is shown in the following section, fulfills the requirements that are
set in Section 5.2.1, but the choice of the function 𝑟𝑖 (𝜌) requires further investigation since the
properties of the interpolation could be improved by selecting an other strategy.

Finally the formula for the interpolated transfer function is:

𝐻̂𝜌 (𝑧) =
𝑛∑︁
𝑖=1

𝑟𝑖 (𝜌)
𝑧 − 𝑝𝑖 (𝜌)

=

𝑛∑︁
𝑖=1

(1 − 𝜌)𝑟𝑖1 + 𝜌𝑟𝑖2
𝑧 − 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

(5.14)

If a state space realization is required, it can be constructed from the transfer function. The
realization problems are not discussed in this work.
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5.3.5 Boundedness and stability

The stability of the interpolated system is a trivial result of its construction. The hyperbolic line
lies within the unit circle so do the poles of the interpolated system which means that the system
𝐺̂ (𝜌) is stable.

The rest of the section is devoted to the construction of the function 𝑓 in (5.4). As the first
step it is shown that a uniform bound can be given on the deviation of 𝐺̂ (𝜌) from 𝐺1 in the form

𝐺̂ (𝜌) − 𝐺1




∞ ≤ 𝑔1(𝐺1, 𝐺2). (5.15)

The deviation of 𝐺̂ (𝜌) from 𝐺2 can be calculated analogously. So the proposed method
guarantees that the interpolated system does not deviate arbitrarily from the adjacent sample
points in term of the 𝐻∞ norm.

As it is assumed, the systems 𝐺̂ (𝜌) and 𝐺1 have partial fraction decomposition:



𝐺̂ (𝜌) − 𝐺1



∞ =






 𝑛∑︁
𝑖=1

(𝑃𝑖 (𝜌) − 𝑃𝑖1)






∞

, (5.16)

where
𝑃𝑖 (𝜌) =

𝑟𝑖 (𝜌)
𝑧 − 𝑝𝑖 (𝜌)

, 𝑃𝑖1 =
𝑟𝑖1

𝑧 − 𝑝𝑖1
.

Exploiting the subadditivity of the 𝐻∞ norm from (5.66):



𝐺̂ (𝜌) − 𝐺1



∞ ≤

𝑛∑︁
𝑖=1

∥𝑃𝑖 (𝜌) − 𝑃𝑖1∥∞. (5.17)

In the followings an upper bound is given on ∥𝑃𝑖 (𝜌) − 𝑃𝑖1∥∞.

∥𝑃𝑖 (𝜌) − 𝑃𝑖1∥∞ =





 𝑟𝑖 (𝜌)
𝑧 − 𝑝𝑖 (𝜌)

− 𝑟𝑖1
𝑧 − 𝑝𝑖1






∞
≤

|𝑟𝑖 (𝜌) |




 1
𝑧 − 𝑝𝑖 (𝜌)






∞
+





 𝑟𝑖1
𝑧 − 𝑝𝑖1






∞
. (5.18)

Compute an upper bound term by term in (5.68). The last term can be calculated exactly since
it is a first order system: 



 𝑟𝑖1

𝑧 − 𝑝𝑖1






∞
= max
𝑧=𝑒𝑖𝜔

���� 𝑟𝑖1
𝑧 − 𝑝𝑖1

���� = ����� 𝑟𝑖1
𝑝𝑖1
|𝑝𝑖1 | − 𝑝𝑖1

����� . (5.19)
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The residual 𝑟𝑖 (𝜌) in the first term is interpolated linearly so:

|𝑟𝑖 (𝜌) | = | (1 − 𝜌)𝑟𝑖1 + 𝜌𝑟𝑖2 | ≤ max{|𝑟𝑖1 | , |𝑟𝑖2 |}. (5.20)

The term 1
𝑧−𝑝𝑖 (𝜌) in (5.68) is also a first order system as the last term but it depends on 𝜌. As

the first step one can write:



 1
𝑧 − 𝑝𝑖 (𝜌)






∞
=

������ 1
𝑝𝑖 (𝜌)
|𝑝𝑖 (𝜌) | − 𝑝𝑖 (𝜌)

������ =
���� |𝑝𝑖 (𝜌) |
𝑝𝑖 (𝜌) (1 − |𝑝𝑖 (𝜌) |)

���� =
|𝑝𝑖 (𝜌) |
|𝑝𝑖 (𝜌) |

���� 1
1 − |𝑝𝑖 (𝜌) |

���� = ���� 1
1 − |𝑝𝑖 (𝜌) |

���� =
������ 1

1 −
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

���
������ . (5.21)

Since
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

��� ≤ 1 it is obvious that:

max
𝜌

������ 1

1 −
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

���
������ =

��������
1

1 − max
𝜌

���� 𝑝𝑖1 − 𝜌𝑤𝑖1 − 𝜌𝑤𝑖𝑝𝑖1

����
�������� . (5.22)

A geometric argument is applied to determine the maximum of
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

���: 𝜌𝑤𝑖 is a line

segment that starts from zero and ends at 𝑤𝑖. From the equation (3.3) the expression
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

���
is a pseudo-hyperbolic distance between a point of the hyperbolic line segment determined by
𝜌𝑤𝑖 and 𝑝𝑖1. The maximum distance between the points of the line segment and a point occurs
between one of the endpoints of the line segment and the point. So the maximum at (5.74)
occurs if 𝜌 = 0 or 𝜌 = 1. As it is discussed in Section 5.3.1 the value of 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1
at 𝜌 = 0 and

𝜌 = 1 are 𝑝𝑖1 and 𝑝𝑖2 respectively so:





 1
𝑧 − 𝑝𝑖 (𝜌)






∞
≤ max

{���� 1
1 − |𝑝𝑖1 |

���� , ���� 1
1 − |𝑝𝑖2 |

����} . (5.23)

The upper bound on the deviation is:



𝐺̂ (𝜌) − 𝐺1



∞ ≤ 𝑔1(𝐺1, 𝐺2) =

𝑛∑︁
𝑖=1

(
max{|𝑟𝑖1 | , |𝑟𝑖2 |}·

max
{���� 1

1 − |𝑝𝑖1 |

���� , ���� 1
1 − |𝑝𝑖2 |

����} + ����� 𝑟𝑖1
𝑝𝑖1
|𝑝𝑖1 | − 𝑝𝑖1

�����
)
. (5.24)

41



5.3 Problem Formulation

When the deviation is taken from 𝐺2 then:

∥𝐺 (𝜌) − 𝐺2∥∞ ≤ 𝑔2(𝐺1, 𝐺2) =
𝑛∑︁
𝑖=1

(
max{|𝑟𝑖1 | , |𝑟𝑖2 |}·

max
{���� 1

1 − |𝑝𝑖1 |

���� , ���� 1
1 − |𝑝𝑖2 |

����} + ����� 𝑟𝑖2
𝑝𝑖2
|𝑝𝑖2 | − 𝑝𝑖2

�����
)
. (5.25)

So the function 𝑓 in (5.4) can be constructed as:

𝑓 (𝐺1, 𝐺2) = max{𝑔1(𝐺1, 𝐺2), 𝑔2(𝐺1, 𝐺2)}. (5.26)

5.3.6 Numerical example

The example is a finite element (FE) model of a 3D cantilever Timoshenko beam [77]. This
benchmark problem is created in Matlab environment and it is used in many research studies
as a sample model for example [11, 68, 78–80]. In this paper the results are compared with the
results in [11] so exactly the same setup is used. The length 𝐿 of the beam is the free geometric
parameter which varies between 𝐿 = 0.9𝑚 and 𝐿 = 1.1𝑚. The model output is the vertical
displacement of the tip of the beam, and the input is a vertical force at this point. The dimension
of the system is chosen to be 𝑛 = 144 degree of freedom. The parameter space is sampled
uniformly to get three local models 𝑀̃𝑖 with 𝑖 = 1, 2, 3 for lengths 𝐿1 = 0.9𝑚, 𝐿1 = 1.0𝑚,
𝐿1 = 1.1𝑚. The local models are reduced using a two-sided Krylov subspace method with
reduced order 𝑞 = 23 and expansion points 𝑠0 = 0 to obtain three low-order systems 𝐺̃𝑖. Since
the proposed method works on discrete time systems the continuous model 𝐺̃𝑖 is transformed
into a zero-order-hold equivalent discrete system𝐺𝑖. The sampling time is set in a way that every
pole of the discrete system is on the right complex half-plane, the value is 𝑇𝑠 = 0.00005𝑠𝑒𝑐.
The guaranteed upper bound for the interval 𝐿 = 0.9 − 1𝑚 is 𝑓 = 0.0575 and for the interval
𝐿 = 1 − 1.1𝑚 is 𝑓 = 0.0641. The true least upper bound for the interval 𝐿 = 0.9 − 1𝑚 is
0.0119 and for the interval 𝐿 = 1 − 1.1𝑚 is 0.0129. The guaranteed upper bound is in the same
magnitude as the least upper bound in this example.

In order to compare the proposed method and the methods in [11], the relative error between
the interpolated and directly reduced systems expressed in the 𝐻2-norm is plotted (see Fig. 5.2
and Fig. 5.3) .

𝐻2-norm is used because it is applied in [11]. The performance of the proposed method is
acceptable in 𝐻2 sense as well, though the maximum relative error of the proposed method is
greater (0.389) than the error in [11] (0.113) but much better than the reference system in [11].
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basis as its system lies in the middle of the parameter range.
System matrices Âr,i, B̂r,i and Ĉr,i with i = 1, 2, 3 are
stored for the resulting three systems Ĝr,i. In step D, which
is the online part of the method, we applied linear weighting
functions for the calculation of the interpolated systems. The
linear weighting functions are ωi(L) = max(1 − |L−Li|

∆L , 0)
for L ∈ [L1, L3]. Consequently, the low-dimensional system
Gr(L) at the desired length L has the system matrices
Ar(L) =

∑3
i=1 ωi(L)Âr,i, Br(L) =

∑3
i=1 ωi(L)B̂r,i and

Cr(L) =
∑3

i=1 ωi(L)Ĉr,i.
As reference method for comparison, consider the general

framework from Section II-C with the following properties:
The sampling of the parameter space and model reduction
is the same as above leading to the same three low-order
systems Gr,i. We chose for the proposed and the reference
method q = 23 as it is the first reduced order where the
interpolation delivers an unstable system for the reference
method. Generally speaking, one can observe that pMOR by
matrix interpolation tends to instability for a growing reduced
order q although the local systems are approximated more
accurately. It also tends to instability for growing distances
between the grid points. For calculating matrices Ti and
hence the three systems G∗r,i we used the approach from [4].
The weighting functions are again the same as above.
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Fig. 1. Relative error of interpolated ROMs expressed in the H2-norm for
the cantilever beam.

In order to compare the proposed method and the reference
method for stability, the relative error between the interpo-
lated and directly reduced systems expressed in the H2-norm
is plotted for both interpolation approaches in Figure 1. It can
be seen that the interpolated systems coincide with the di-
rectly reduced systems Gr,i at the sampling points. Between
the sampling points the interpolation methods deviate from
each other. The reference method delivers unstable models
in the parameter interval L ∈ [0.934m, 0.975m] which can
be seen as the error goes to infinity. Note that the H2-norm
does not exist for the unstable region itself. The proposed
method preserves the stability of the interpolated reduced
system for the whole parameter range. Additionally, it gives
accurate results with a maximum relative error of 11.3% at

L = 0.95m. By contrast, the reference method shows very
poor results in this example concerning accuracy even in
regions where it delivers stable systems, see for example the
parameter region L ∈ [1m, 1.1m].

VI. CONCLUSIONS

In this paper, a method for pMOR by matrix interpolation
with stability preservation for the whole parameter range
is presented. This approach makes neither demands on the
structure of the original system nor needs post-processing
during the online phase to achieve stability and is therefore
suitable for real-time applications. It has also been shown
that this stability-preserving method can be formulated in
the same framework as the current methods [4] and [8] by
a novel choice of the transformation matrices Ti.

We showed in the numerical example that pMOR by
matrix interpolation tends to deliver unstable systems for
a (moderately) large reduced order q and large distances
between the grid points. Therefore, the proposed stability-
preserving method is especially necessary when one is faced
with these circumstances.
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Figure 5.2: Relative error of interpolated models expressed in the 𝐻2-norm for the cantilever beam.
Result is generated with the methods in [11]. The figure is taken from [11]

5.4 Minimal phase preserving parametric LTI interpolation
with guaranteed bounds

This section shares the same structure and has similar content as section 5.2 and certain parts
seem to be repeated, however, due to the numerous minor differences it was advantageous to
re-express certain descriptions with the necessary modifications instead of referencing back
to section 5.2 multiple times. However, in some cases, when it was not confusing we used
referencing instead of repetition.

5.4.1 Problem formulation

The problem formulation is similar to the one in Section 5.2.1 but it needs to be reformulated since
the focus is on minimal phase systems. The following single input single output (SISO) discrete
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Figure 5.3: Relative error of interpolated models expressed in the 𝐻2-norm for the cantilever beam.
Result is generated by the proposed method.

time linear time-invariant system (LTI) is considered(as MIMO extension is straightforward by
element-wise application):

𝐺 (𝜁) :

𝑥𝑡+1 = 𝐴(𝜁)𝑥𝑡 + 𝐵(𝜁)𝑢𝑡
𝑦𝑡 = 𝐶 (𝜁)𝑥𝑡

(5.27)

where 𝐴(𝜁) ∈ R𝑛×𝑛, 𝐵(𝜁) ∈ R𝑛×1, 𝐶 (𝜁) ∈ R1×𝑛 are parameter dependent matrices with the
scalar parameter 𝜁 ∈ R. The input and the output is 𝑢𝑡 ∈ R and 𝑦𝑡 ∈ R respectively. The state
variable is 𝑥𝑡 ∈ R𝑛. It is important to note that the main difference between LPV and parametric
LTI systems is that the parameter does not depend on time in the case of parametric LTI.

The followings are assumed on 𝐺 (𝜁):

1. it is stable for every 𝜁

2. it has no repeated poles
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3. all the zeros are in the unit disk D := {𝑧 ∈ C : |𝑧 | < 1}

4. it has no repeated zeros

5. for fixed 𝜁 let 𝐻𝜁 (𝑧) = 𝐶 (𝜁) (𝑧𝐼 − 𝐴(𝜁))−1 𝐵(𝜁) be the transfer function of 𝐺 (𝜁) with the
zero-pole-gain model:

𝐻𝜁 (𝑧) = 𝑘 (𝜁)
𝑚∏
𝑖=1

(𝑧 − 𝑧𝑖 (𝜁))
𝑛∏
𝑗=1

1
𝑧 − 𝑝 𝑗 (𝜁)

(5.28)

where 𝑝 𝑗 (𝜁) 𝑗 = 1 . . . 𝑛 are the poles and 𝑧𝑖 (𝜁) 𝑖 = 1 . . . 𝑚 are the zeros and 𝑚 < 𝑛.
It is assumed that the described model 𝐺 (𝜁) cannot be evaluated at an arbitrary 𝜁 (or

practically it is hard to evaluate) instead it is known at 𝑘 given points of 𝜁 that is 𝐺𝑖 = 𝐺 (𝜁𝑖)
𝑖 = 1 . . . 𝑘 . This assumption means that the behavior of the model 𝐺 (𝜁) is not known if 𝜁 ≠ 𝜁𝑖,
𝑖 = 1 . . . 𝑘 .

Since there is a scalar parameter 𝜁 ∈ R it is important to note that there is a natural ordering
of the models e.g. one can say that the adjacent known models of 𝐺 (𝜁) (𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1) are 𝐺𝑖,
𝐺𝑖+1. This ordering is used in what follows.

In this section an interpolation algorithm is proposed that is stability preserving and the
deviation of the interpolated model has a guaranteed upper bound from the known adjacent
models with respect to 𝐻∞ norm. In a formal way, an 𝑓 function exists for the proposed
interpolation method in a form:

𝐺̂ (𝜁) − 𝐺𝑖




∞ ≤ 𝑓 (𝐺𝑖+1, 𝐺𝑖)

𝐺̂ (𝜁) − 𝐺𝑖+1



∞ ≤ 𝑓 (𝐺𝑖+1, 𝐺𝑖) 𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1 (5.29)

where 𝐺̂ (𝜁) is the interpolated model. The construction of 𝑓 is shown in Section 5.4.6. In this
section we also assume that the original sampling of the system 𝐺 (𝜁) fulfills the condition in
(5.3).

The proposed method is applicable when it is a priori known that the given system is
minimum phase and stable in every parameter value and the unknown 𝐺 (𝜁) (𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1)
remains "similar" to 𝐺𝑖 and 𝐺𝑖+1. These conditions appear frequently in practice. For example
the dynamics of an airplane changes with airspeed but it is known that it is stable for a certain
range of speed and the dynamics changes gradually. Geometrical changes in a mechanical
component usually (not every case) cause traceable changes in dynamical behavior so if the
dynamics is known at certain setups then it is expected based on physical consideration on the
actual component that other setups do not deviate arbitrary.
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Existing methods guarantee stability [5] [11] so for a given problem 𝑓 in (5.29) exists but
there is no guarantee that the value of it does not become arbitrarily large. The presented
interpolation method guarantees an upper bound on 𝑓 . Moreover 𝑓 can be given in a closed
form. Furthermore the minimum phase property is also guaranteed.

5.4.1.1 Notations

In Section 5.4.2 the algorithm is described in details and as it will be shown 𝐺̂ (𝜁) 𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1

is determined by 𝐺𝑖+1, 𝐺𝑖 and 𝜁 , so only the adjacent models and the parameter are used.
The known models 𝐺𝑖+1 and 𝐺𝑖 are exchanged to 𝐺2 and 𝐺1 respectively. So for example

the 𝑗 𝑡ℎ pole of the 𝐺𝑖+1 model is 𝑝 𝑗2 while the 𝑗 𝑡ℎ zero of 𝐺𝑖 is 𝑧 𝑗1.
The parameter 𝜁 is exchanged to 𝜌 in a way that as 𝜁 goes from 𝜁𝑖 to 𝜁𝑖+1 then 𝜌 goes from

zero to one. The correspondence between 𝜁 and 𝜌 is as follows:

𝜁 = (1 − 𝜌)𝜁𝑖 + 𝜌𝜁𝑖+1 𝜌 ∈ {0, 1} (5.30)

So the interpolated model is denoted by 𝐺̂ (𝜌) for the parameter interval 𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1. The 𝑗 𝑡ℎ

pole and zero of 𝐺̂ (𝜌) are 𝑝 𝑗 (𝜌) and 𝑧 𝑗 (𝜌).

5.4.2 Algorithm

The presented algorithm shows the interpolation between two adjacent models 𝐺1 and 𝐺2 the
same way as in section 5.3.1.

The basic idea is the same as the one presented in 5.3.1 where the original trajectories are
substituted by artificial trajectories of the poles.

Similar considerations can be applied to the zeros of the system. If the zeros of the system
are stable and if the interpolated zero is on a hyperbolic line similarly to a pole, the interpolated
system is a minimum phase system as the original system. In the following, the transfer function
is in the pole-zero-gain form and the interpolation is carried out on hyperbolic lines for poles
and zeros as well. The gain of the system is interpolated linearly.

In the following, the steps of the algorithm are detailed.

5.4.3 Step 1: compute the poles-zero form of 𝐺1,𝐺2.

This step is straightforward since we assumed in Section 5.4.1 that the system has a zero-pole-
gain model.
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5.4.4 Step 2: pair the poles and zeros of 𝐺1,𝐺2.

The pairing is done identically as it is discussed in 5.3.1 in step 2 and the pairing of zeros is
done using the exact same method.

It is worth to mention that the presented pairing requires further investigation as for coarse
sampling on parameter space the method may lead to an incorrect pairing. It is also important
that even if the pairing is not perfect the interpolation method still guarantees an upper bound,
stability and minimum phase property. It follows from the presented results in section 5.4.6.

5.4.5 Step 3: construct the interpolated transfer function

A hyperbolic line has to be placed between the paired poles 𝑝𝑖1 and 𝑝𝑖2. The interpolated pole
𝑝𝑖 (𝜌) lies on that curve. In order to calculate the position of 𝑝𝑖 (𝜌) the hyperbolic line between
𝑝𝑖1 and 𝑝𝑖2 has to be parametrized by 𝜌. The parametrization is carried out as follows: 𝜌𝑤𝑖
is a line segment that starts from zero and ends at 𝑤𝑖 as 𝜌 changes from zero to one where
𝑤𝑖 ∈ D is an appropriately chosen constant. This segment can be considered as a hyperbolic
line segment (and it is on an Euclidean line segment as well) and it can be transformed into a
hyperbolic line that connects 𝑝𝑖1 and 𝑝𝑖2 as 𝜌 goes from zero to one. This transformation can
be a congruent transformation that is a Möbius transformation on a hyperbolic plane [20]. It
is a standard computation to find the coefficient for the proper Möbius transformation [20] so
without derivation:

𝑝𝑖 (𝜌) =
𝑝𝑖1 − 𝜌𝑤𝑖

1 − 𝜌𝑤𝑖𝑝𝑖1
(5.31)

The value of 𝑤𝑖 is:
𝑤𝑖 =

𝑝𝑖1 − 𝑝𝑖2
1 − 𝑝𝑖2𝑝𝑖1

(5.32)

It is easy to verify that 𝑝𝑖 (𝜌) is on the hyperbolic line that connects 𝑝𝑖1 and 𝑝𝑖2 as 𝜌 goes from
zero to one.

To prove this it can be substituted by writing 0 and 1 into the function 𝑝𝑖 (𝜌) and the result
is 𝑝𝑖1 and 𝑝𝑖2 respectively. 𝜌𝑤𝑖 is a hyperbolic line and a Möbius transformation, which is an
isometry on the Poincaré disk model, acts on it so the result is also a hyperbolic line [20]. So
𝑝𝑖 (𝜌) is on a hyperbolic line that contains 𝑝𝑖1 and 𝑝𝑖2.

The parametrization of the hyperbolic line between two corresponding zeros 𝑧𝑖1 and 𝑧𝑖2 is
carried out analogously to case of poles so:

𝑧𝑖 (𝜌) =
𝑧𝑖1 − 𝜌𝑣𝑖

1 − 𝜌𝑣𝑖𝑧𝑖1
(5.33)
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The value of 𝑣𝑖 is:
𝑣𝑖 =

𝑧𝑖1 − 𝑧𝑖2
1 − 𝑧𝑖2𝑧𝑖1

(5.34)

The gain 𝑘 (𝜌) is interpolated linearly so 𝑘 (𝜌) = (1 − 𝜌)𝑘1 + 𝜌𝑘2.
Finally the formula for the interpolated transfer function is:

𝐻̂𝜌 (𝑧) = 𝑘 (𝜌)
𝑚∏
𝑖=1

(𝑧 − 𝑧𝑖 (𝜌))
𝑛∏
𝑗=1

1
𝑧 − 𝑝 𝑗 (𝜌)

=

((1 − 𝜌)𝑘1 + 𝜌𝑘2)
𝑚∏
𝑖=1

(
𝑧 − 𝑧𝑖1 − 𝜌𝑣𝑖

1 − 𝜌𝑣𝑖𝑧𝑖1

) 𝑛∏
𝑗=1

1
𝑧 − 𝑝 𝑗1−𝜌𝑤 𝑗

1−𝜌𝑤 𝑗 𝑝 𝑗1

(5.35)

If the state space realization is required, it can be constructed from the transfer function. The
realization problems are not discussed in this paper.

5.4.6 Boundedness and minimal phase

The stability and minimum phase property of the interpolated system is trivial from the con-
struction. The hyperbolic line lies within the unit circle which means the poles and zeros of the
interpolated system are also in the unit circle. This exactly means that the system 𝐺̂ (𝜌) is stable
and has the minimum phase property.

In the following the construction of the function 𝑓 in (5.29) for the algorithm is presented.
As the first step it is shown that uniform bound can be given on the deviation of 𝐺̂ (𝜌) from

𝐺1 in the form 

𝐺̂ (𝜌) − 𝐺1



∞ ≤ 𝑔1(𝐺1, 𝐺2) (5.36)

The deviation of 𝐺̂ (𝜌) from 𝐺2 can be calculated analogously.





𝑘 (𝜌) 𝑚∏
𝑖=1

(𝑧 − 𝑧𝑖 (𝜌))
𝑛∏
𝑗=1

1
𝑧 − 𝑝𝑖 (𝜌)

− 𝐺1








∞

≤





𝑘 (𝜌) 𝑚∏
𝑖=1

(𝑧 − 𝑧𝑖 (𝜌))
𝑛∏
𝑗=1

1
𝑧 − 𝑝𝑖 (𝜌)








∞

+ ∥𝐺1∥∞ (5.37)
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Since the 𝐻∞ norm is sub-multiplicative then:





𝑘 (𝜌) 𝑚∏
𝑖=1

(𝑧 − 𝑧𝑖 (𝜌))
𝑛∏
𝑗=1

1
𝑧 − 𝑝𝑖 (𝜌)








∞

≤

|𝑘 (𝜌) |
𝑚∏
𝑖=1

∥𝑧 − 𝑧𝑖 (𝜌)∥∞
𝑛∏
𝑗=1





 1
𝑧 − 𝑝𝑖 (𝜌)






∞

(5.38)

Compute an upper bound term by term in (5.38). The static gain is interpolated linearly so:

|𝑘 (𝜌) | = | (1 − 𝜌)𝑘1 + 𝜌𝑘2 | ≤ max{|𝑘1 | , |𝑘2 |} (5.39)

The upper bound on interpolated zeros can be expressed as follows:

∥𝑧 − 𝑧𝑖 (𝜌)∥∞ = max
𝜔,𝜌

����𝑒𝑖𝜔 − 𝑧𝑖1 − 𝜌𝑣𝑖
1 − 𝜌𝑣𝑖𝑧𝑖1

���� (5.40)

The difference between 𝑒𝑖𝜔 and 𝑧𝑖1−𝜌𝑣𝑖
1−𝜌𝑣𝑖𝑧𝑖1 as vectors is maximal if they are collinear and directed

to the opposite direction. The length of 𝑒𝑖𝜔 is always one so if the terms in (5.40) are collinear
as vectors, the result depends only on 𝑧𝑖1−𝜌𝑣𝑖

1−𝜌𝑣𝑖𝑧𝑖1 . So the following can be written:

max
𝜔,𝜌

����𝑒𝑖𝜔 − 𝑧𝑖1 − 𝜌𝑣𝑖
1 − 𝜌𝑣𝑖𝑧𝑖1

���� ≤ max
𝜌

����𝑒𝑖 (arg
(
𝑧𝑖1−𝜌𝑣𝑖

1−𝜌𝑣𝑖 𝑧𝑖1

)
+𝜋

)
− 𝑧𝑖1 − 𝜌𝑣𝑖

1 − 𝜌𝑣𝑖𝑧𝑖1

���� =
max
𝜌

���−𝑒𝑖arg(𝑧𝑖 (𝜌)) − 𝑧𝑖 (𝜌)
��� = max

𝜌

���� 𝑧𝑖 (𝜌)|𝑧𝑖 (𝜌) |
+ 𝑧𝑖 (𝜌)

���� = max
𝜌

���� 𝑧𝑖 (𝜌)|𝑧𝑖 (𝜌) |
(1 + |𝑧𝑖 (𝜌) |)

���� =
max
𝜌

(���� 𝑧𝑖 (𝜌)𝑧𝑖 (𝜌)

���� |1 + |𝑧𝑖 (𝜌) | |
)
= max

𝜌
(1 + |𝑧𝑖 (𝜌) |) = max

𝜌

(
1 +

���� 𝑧𝑖1 − 𝜌𝑣𝑖1 − 𝜌𝑣𝑖𝑧𝑖1

����) (5.41)

Analogously to (5.74) the upper bound estimate on (5.40) can be expressed as:

∥𝑧 − 𝑧𝑖 (𝜌)∥∞ ≤ 1 + max{|𝑧𝑖1 | , |𝑧𝑖2 |} (5.42)

The term 1
𝑧−𝑝𝑖 (𝜌) in (5.38) is a first order system that depends on 𝜌. In order to compute the

upper bound of it the following steps can be completed:



 1
𝑧 − 𝑝𝑖 (𝜌)






∞
=

������ 1
𝑝𝑖 (𝜌)
|𝑝𝑖 (𝜌) | − 𝑝𝑖 (𝜌)

������ =
���� |𝑝𝑖 (𝜌) |
𝑝𝑖 (𝜌) (1 − |𝑝𝑖 (𝜌) |)

���� =
|𝑝𝑖 (𝜌) |
|𝑝𝑖 (𝜌) |

���� 1
1 − |𝑝𝑖 (𝜌) |

���� = ���� 1
1 − |𝑝𝑖 (𝜌) |

���� =
������ 1

1 −
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

���
������ (5.43)
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Since
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

��� is a pseudo-hyperbolic distance between 𝑝𝑖1 and 𝜌𝑤𝑖, it is less than or equal to
one [19]. So one can write:

max
𝜌

������ 1

1 −
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

���
������ =

��������
1

1 − max
𝜌

���� 𝑝𝑖1 − 𝜌𝑤𝑖1 − 𝜌𝑤𝑖𝑝𝑖1

����
�������� (5.44)

The maximum of
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

��� is analogous to the discussion above so it is equal to max{|𝑝𝑖1 | , |𝑝𝑖2 |}
So the result on 𝑔1:

𝑔1(𝐺1, 𝐺2) =

max{|𝑘1 | , |𝑘2 |}
𝑚∏
𝑖=1

(1 + max{|𝑧𝑖1 | , |𝑧𝑖2 |})·

𝑛∏
𝑗=1

max

{����� 1
1 −

��𝑝 𝑗1��
����� ,

����� 1
1 −

��𝑝 𝑗2��
�����
}
+ ∥𝐺1∥∞ (5.45)

𝑔2 is:

𝑔2(𝐺1, 𝐺2) =

max{|𝑘1 | , |𝑘2 |}
𝑚∏
𝑖=1

(1 + max{|𝑧𝑖1 | , |𝑧𝑖2 |})·

𝑛∏
𝑗=1

max

{����� 1
1 −

��𝑝 𝑗1��
����� ,

����� 1
1 −

��𝑝 𝑗2��
�����
}
+ ∥𝐺2∥∞ (5.46)

𝑓 (𝐺1, 𝐺2) is
𝑓 (𝐺1, 𝐺2) = max{𝑔1(𝐺1, 𝐺2), 𝑔2(𝐺1, 𝐺2)} (5.47)

It is important to note that the derived bound is a qualitative property of the interpolation
method. It says no more than the difference between the interpolated model and the neighboring
models can not be arbitrary large. However, it is a conservative estimation so a more accurate
bound estimation is a subject of further investigation.

5.4.7 Numerical example

In this example a structural optimization of a finite element (FE) model is presented. The
eigenfrequencies are optimized for a certain value. This kind of problem occurs basically in
every device that vibrates and on some level this optimization problem has to be addressed
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during the design phase. A finite element (FE) model of a 3D cantilever Timoshenko beam is
applied [77]. This benchmark problem is created in Matlab environment and it is used in many
research studies as a sample model, for example [11,68,78–80]. In this paper the following setup
is used. The length 𝐿 of the beam is 2 meters the free geometric parameter is the height ℎ of the
beam, the width is 0.01 meters and it is a steel rod (density: 7850 𝑘𝑔/𝑚3, Young’s modulus: 210
GPa, Poisson’s ratio: 0.3). The model output is the vertical displacement of the tip of the beam,
and the input is a vertical force at this point. The number of elements of the model is chosen to
be 𝑁 = 100. The task is to tune the height of the beam so that the first eigenfrequency is set to
be 340 𝑟𝑎𝑑/𝑠𝑒𝑐. As it is usual in practice, we can assume that the searched parameter value is
known in a certain range. In this example, the assumed range for height is ℎ = 0.2𝑚 . . . 0.3𝑚.
The bode diagram at the extremes of the parameter domain is shown in figure 5.4
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Figure 5.4: Bode diagramm of the beam at height 0.2 m and 0.3 m

The optimization task is convex since the eigenfrequency is monotonic with height. The
optimization is solved by golden section search and parabolic interpolation [81,82]. The required
time on an Intel Core i7-2600 CPU at 3.4 GHz is 32.11 sec. The result is ℎ = 0.2627𝑚
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Next the same problem is solved with the interpolation method presented here. First the
parameter space is sampled to get local models. The sampling of the parameter space is highly
problem specific and it is hard to say general rules. In this example ten uniformly sampled points
are taken. Then the local models are reduced using a two-sided Krylov subspace method [83]
with reduced order 𝑞 = 23 and expansion points 𝑠0 = 0 to obtain the low-order systems 𝐺̃𝑖. Since
the proposed method works on discrete time systems the continuous model 𝐺̃𝑖 is transformed
into zero-order-hold equivalent discrete system 𝐺𝑖. The sampling time is set in a way that every
pole of the discrete system is on the right complex half-plane, the value is 𝑇𝑠 = 0.00001𝑠𝑒𝑐.
Then the pole-zero-gain models are computed and the poles and zeros are matched. After the
previous steps the interpolated model can be computed at any parameter value. It is important to
note that during the optimization only the interpolation needs to be recalculated and the previous
steps are not needed. So one can say that there is an off-line phase and an on-line phase. The
off-line phase contains the sampling, reduction and matching while the on-line phase contains
the computation of the interpolated system.

The optimization is carried out with the same algorithm and the same CPU. The off-line
phase takes 5.806 sec and the on-line phase takes 2.431 sec, the resultant height is ℎ = 0.2591𝑚
that is less than 1.4 % error.

It is clear that the proposed algorithm significantly reduces the computational effort fur-
thermore it has the advantage that the off-line phase needs to be done only once. So if the
optimization task needs to be repeated for a different value, the difference is more pronounced.

5.5 Structure-preserving reduction and sampling for beam-
like structures

This section introduces the additional ingredients required to apply the proposed interpolation
framework in practice: a sampling criterion and a structure-preserving reduction method for
beam-like structures.

Sampling is crucial because the interpolation relies on matching corresponding poles across
neighboring parameter samples. If the parameter grid is too coarse, poles can move significantly
between samples and the matching problem becomes ambiguous.

Accordingly, a sampling criterion is developed to ensure proper pole matching for a class of
second-order LTI systems. To meet this criterion, a practical model order reduction method is
introduced that preserves the required structure and is applicable to systems that can be modeled
using Bernoulli beam theory (e.g., multicopter rotor arms and fixed-wing aircraft wings). The
approach is extended to MIMO systems with a corresponding deviation bound, and the set of
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all interpolating trajectories that satisfy the boundedness property is characterized, generalizing
beyond hyperbolic lines.

The remainder of this paper is organized as follows. Section 5.3 details the problem for-
mulation and constraints. Section 5.6 presents the proposed algorithm. Section 5.7 proves
the boundedness property for the admissible trajectories, and Section 5.8 extends the results to
MIMO systems. Section 5.9 provides an example focusing on the proposed structure-preserving
reduction method.

5.6 Interpolation Algorithm

The proposed algorithm is designed to interpolate between two adjacent models,𝐺1 and𝐺2. This
section provides an overview of the algorithm, while its properties are analyzed in subsequent
sections.

The fundamental idea is that as the parameter varies, the poles of the model follow specific
trajectories in the complex plane. However, since the model is only known at certain discrete
points, only sampled positions of these pole trajectories are available. An interpolation approach
can therefore involve replacing the original trajectories with artificial ones that connect the known
points. A crucial aspect of this strategy is ensuring that the selected artificial trajectories adhere
to the system’s known a priori properties (see Section 5.3).

In the previous sections, hyperbolic lines were proposed as artificial trajectories connecting
known samples. This choice was made because it preserves stability and provides a guaranteed
upper bound on the deviation from the known models. In section all the possible trajectories
that satisfy this condition are presented paving the way for incorporating a prior knowledge into
the root loci if a particular problem is given. For further discussion the hyperbolic line remains
as a particular example because in a later section 5.7 it serves as a reference for generalization.

The input data of the algorithm consists of static finite element method (FEM) data related
to the structure at the two extreme ends of the parameter range. This means that the FEM model
provides information about displacements regarding a certain load that is discussed later, at the
minimum and maximum values of a given parameter

5.6.1 Overview of the algorithm

1. Model reduction

(a) From the FEM data a Bernoulli beam models are generated.

(b) The beam models are discretized and second order differential equations are gener-
ated.
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2. The natural frequency sensitivity is evaluated to assess the quality of the system’s sampling.

3. The transfer function is generated in partial fractional form

4. The interpolated transfer function is constructed.

The first step is not a standard approach to reduce a high fidelity FEM model. The usual
approach is to make a modal analysis in FEM and then using model reduction methods the
reduced model is generated. As it will be discussed later the standard model reduction methods
are not the suitable tools for the presented interpolation method, because the reduced model has
to be in a certain form (details below) and most of the techniques cannot guarantee that. In
the following, a detailed algorithm is introduced. The rationale for each step and the reasoning
behind the chosen method are provided after the relevant information has been presented. The
high level flowchart is in figure 5.5. The steps of the algorithm are detailed, in the followings
sections:

5.6.2 Model reduction

5.6.2.1 Creating Bernoulli beam model

Create a high-fidelity finite element model of the structure under investigation. Subject the
structure to a pure bending and evaluate the resulting distortion using finite element analysis
(FEA) software. Subsequently, calculate the flexural stiffness based on the observed distortion.
This process mirrors the approach taken when analyzing a real beam-like structure to determine
its structural properties, as described in [84], but here, the physical scenario is replicated within
an FEA environment.

The followings are assumed:

• The structure can be modeled by a Bernoulli beam

• Regarding the Bernoulli beam the following is assumed:

– Cross sections of the beam do not deform in a significant manner under the application
of transverse or axial loads and can be assumed as rigid.

– During deformation, the cross-section of the beam is assumed to remain planar and
normal to the deformed axis of the beam.

• There is no bending-torsion coupling.
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Figure 5.5: Flowchart of the algorithm

• The structure can be modeled as such a beam in which all the principal axes of the
cross-sections of the beam are parallel.
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• The load is transfered to the structure using a rigid endplate see figure 5.6.

• For flexural stiffness determination pure bending is acting on the structure which are
created by equal and opposing forces and the deflections(i.e. node displacements) are
readily available from FEA software

Figure 5.6: Load case

Discussion on the physical meaning and scope of applicability of the as-
sumptions

The structure is modeled as a Bernoulli beam. This theory assumes that transverse shear deform-
ations are negligible, which is appropriate for slender beams where the length is significantly
greater than the cross-sectional dimensions. It is particularly suitable when bending dominates
the response, and shear effects do not contribute appreciably to the overall deformation.

Within this modeling framework, further assumptions are made regarding the behavior of
the beam’s cross-sections. First, it is assumed that the cross-sections do not undergo significant
deformation under applied loads and can be considered rigid. This means the shape and size
of the cross-section remain essentially unchanged during loading, which is a valid assumption
for beams made of stiff materials or with geometrically compact sections. Additionally, the
cross-sections are assumed to remain planar and orthogonal to the deformed axis of the beam.
This condition, central to Euler-Bernoulli theory, implies that no warping or shear distortion
occurs and that the beam exhibits mostly pure bending deformation.

Another simplifying assumption is the absence of bending-torsion coupling. Physically, this
means that the effects of torsion and bending can be treated independently, and one does not
influence the other. This assumption holds when the cross-section is symmetric and loading is
applied through the shear center, such that torsional and flexural responses are decoupled.
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The model also assumes that all principal axes of the cross-sections remain parallel along
the length of the beam. This implies a geometrically uniform or symmetrically varying beam
without twist or out-of-plane curvature, ensuring that bending occurs consistently in the defined
principal directions.

Finally, the last two assumptions are introduced to suit the subsequent calculations.
Here the used FEA software is Calculix (http://www.calculix.de/) in combination with

FreeCad CAD system (https://www.freecadweb.org/). All this software is free.

5.6.2.2 Calculating flexural stiffness

The theory behind this calculation is summarized as follows. Assume that the principal axes
of the cross-sections of the beam under investigation are parallel. Choose a coordinate system
regarding a beam in a way that the x-axis is parallel with the longitudinal axis of the beam
while one of the y or z-axis is parallel with one of the principal axis of the cross-section. For a
Bernoulli beam the following equation can be applied [85]:

𝑣′′(𝑥) = −𝑀𝑧 (𝑥)
𝐷 (𝑥) (5.48)

where 𝐷 (𝑥) is the flexural stiffness at the location 𝑥, 𝑀𝑧 (𝑥) is the bending moment at location 𝑥
and 𝑣 is the displacement of the beam. The function 𝐷 (𝑥) is often referred as 𝐸 (𝑥)𝐼 (𝑥), where
𝐸 (𝑥) denotes the Young’s modulus at position 𝑥, and 𝐼 (𝑥) is the second moment of area at that
same point.

We know the displacement of the nodes of the FEM model and we know the bending moment
at each cross-section, the aim is to calculate the 𝐷 (𝑥) flexural stiffness function along the beam.

Next the process of calculating flexural stiffness is presented. The basic approach is that we
choose a line segment inside the point cloud of the nodes and every node is projected to that
line segment. The line segment represents the neutral line so it has to be chosen accordingly.
The starting point of this line segment should be at the clamped end of the structure while the
other end should be at the other end of the structure. Now we define a coordinate system that
has an 𝑥-axis that is collinear with the defined line segment and the origin is at the clamped
end of the structure and it is directed to the other end of the projection line. The 𝑦 axis of this
coordinate system is perpendicular to the 𝑥 axis. In this 𝑥 − 𝑦 system we can plot the projected
node position versus node displacements and a polynomial can be fitted to this set of data. To
determine 𝐷 (𝑥), the second derivative of the resultant polynomial is computed. It is worth
noting that the precise selection of the projection line—ideally aligned with the neutral line—is
beyond the current scope and is reserved for future work.

Step-by-step procedure:
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1. Translate the origin to the beginning of the projection line. The starting point of the
projection line is 𝑝1 the endpoint is 𝑝2. Let the 𝑖𝑡ℎ vector of a node be 𝑛𝑖 = [𝑛𝑥𝑖, 𝑛𝑦𝑖, 𝑛𝑧𝑖].
Then the 𝑖𝑡ℎ translated node vector is 𝑛𝑡𝑖 = 𝑛𝑖 − 𝑝1.

2. Compute the unit vector of the projection line. Let the unit vector of the projection line
be 𝑝𝑢. So:

𝑝𝑢 =
𝑝2 − 𝑝1


𝑝2 − 𝑝1





2

(5.49)

3. Project the nodes to the projection line. Let the projected nodes be 𝑛𝑝, then:

𝑛𝑝 = 𝑛 𝑝𝑢 (5.50)

where 𝑛 matrix contains the coordinates of the nodes.

4. Delete all the nodes that are outside the line segment. Every element of 𝑛𝑝 is omitted if

the element value is less than zero or greater than



𝑝2 − 𝑝1





2
.

5. Compute the scalar displacements. There is a displacement vector associated with each
node. In a bending load case there is only one direction where the displacement is
significant so in order to avoid the introduction of a new coordinate frame the length of the
displacement vector is used. Let 𝑑 be the matrix of the coordinates of the displacements.

The 𝑖𝑡ℎ scalar displacement is 𝑑𝑠𝑖 =



𝑑𝑖




2

6. Fit a polynomial to the 𝑛𝑝 → 𝑑𝑠 data set. Since one end of the beam is clamped the
displacement and the first derivative of the displacement function at the clamping are zero
because it is the boundary condition for clamped constrain. Therefore, the zero order and
first order term in the fitted polynomial have to be zero. So the fitting is carried out as
follows [86]: 

𝑛𝑘
𝑝1 𝑛𝑘−1

𝑝1 . . . 𝑛2
𝑝1

𝑛𝑘
𝑝2 𝑛𝑘−1

𝑝2 . . . 𝑛2
𝑝2

...
...

. . .
...

𝑛𝑘
𝑝𝑁

𝑛𝑘−1
𝑝𝑁

. . . 𝑛2
𝑝𝑁

︸                         ︷︷                         ︸
𝑀


𝑎𝑛

𝑎𝑛−1
...

𝑎2

︸ ︷︷ ︸
Θ

=


𝑑𝑠1

𝑑𝑠2
...

𝑑𝑠𝑁


(5.51)

where 𝑛𝑘
𝑝 𝑗

refer to the k-th power of the 𝑥-coordinate of the 𝑗-th projected point and 𝑎𝑛...𝑎2

are the coefficients of the polynomials.

58



5.6 Interpolation Algorithm

So the least-squares approximation of the polynomial parameters Θ are:

Θ = 𝑀+𝑑𝑠 (5.52)

where "+" means pseudo-inverse that gives the least squares regression of the data [86].

7. Differentiate the polynomial twice in order to get 𝑣′′.

5.6.2.3 Note on more realistic modeling

The main limitation of the above-described method is that it cannot handle bending-torsion
coupling. One way to deal with this is that in the bending case and the torsion case ruled
surface fitting is carried out. Since the approximating ruled surface is distorted and bent, a
general method of ruled surface fitting should be applied, as in [87]. Bending-torsion coupling
is significant in beam-like structures that are non-symmetric, composite, or curved. For example
slender curved beams or structures with off-axis material properties.

In such cases, bending in one direction causes twisting (torsion) and vice versa, due to
geometry or material anisotropy.

Ruled surface fitting involves approximating a complex, often distorted or bent surface using
a surface generated by sweeping a straight line along a spatial curve. This is useful for modeling
deformations in beams, especially when they twist and bend, as it provides a geometrically
intuitive way to approximate the shape changes.

5.6.3 Transfer function approximation of Bernoulli beam

At this point, we have a differential equation that represents the Bernoulli beam model of the
structure. A finite element model is generated from that model in the form [85]:

M ¥𝑦(𝑡) + C ¤𝑦(𝑡) + K𝑦(𝑡) = 0 (5.53)

• M,C,K ∈ R𝑁×𝑁 are the mass, damping, and stiffness matrices, respectively,

• 𝑦(𝑡) ∈ R𝑁 is the vector of generalised coordinates

• 𝑡 ∈ R+ denotes time.

It is important to note that this finite element model is a reduced version. Creating a finite
element model from the Bernoulli beam model is a standard textbook exercise [88–90], so it is
not detailed here. Note that for damping, we will use Rayleigh damping but any diagonalizable
damping is sufficient.
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5.6 Interpolation Algorithm

The important factor here is that the new model can contain the interpolation parameter 𝜌,
which is not possible using ordinary FEM model. These parameters can be used to calculate the
sensitivity of the natural frequency and by extension the sensitivity of the poles of the system.
This is very important because if we can calculate the sensitivity of the poles regarding the
parameters then the sampling density of the interpolation parameter can be checked. For now,
the process of sensitivity analysis is presented, and its importance will be discussed in the next
steps of the algorithm.

The sensitivity analysis is based on [91] the details can be found there. As it is shown in [91]:

𝜆𝑖,𝜁 = 𝜆𝑖
u𝑇
𝑖

(
K𝜁 − 𝜆2

𝑖
M𝜁 + 𝑖𝜆𝑖C𝜁

)
u𝑖

u𝑇
𝑖

(
𝜁2
𝑖
M + K

)
u𝑖

(5.54)

where:

• 𝜆𝑖,𝜁 = 𝜕𝜆𝑖
𝜕𝜁

is the derivative of the 𝑖-th eigenvalue with respect to 𝜁 ,

• 𝜆𝑖 is the 𝑖-th natural frequency,

• M𝜁 ,C𝜁 ,K𝜁 are the derivative of the M,C,K with respect to 𝜁 ,

• u𝑖 are the mode shapes at specific parameter value.

At this point it is obvious why it is important to have a model that contains the interpolation
parameter. The matrices M𝜁 ,C𝜁 ,K𝜁 cannot be calculated otherwise.

Next using this result we show that a criterion can be given to the sampling of the interpolating
parameter. If the criterion is met then the sampling is good enough if it is not then finer sampling
is required.

If 𝐺1 = 𝐺𝑖 corresponds to 𝜁𝑖 and 𝐺2 = 𝐺𝑖+1 corresponds to 𝜁𝑖+1 and take the 𝑗-th pole 𝑝 𝑗1
of the system 𝐺1 at 𝜁𝑖 and the same pole 𝑝 𝑗2 of the system 𝐺1 at 𝜁𝑖+1 then it is easy to see that
the position of the interpolated pole 𝑝 𝑗 𝜁 is in a circle:

𝑝 𝑗 𝜁 ∈ {𝑝 𝑗1 + 𝑡 | (𝜁 − 𝜁𝑖)𝜆 𝑗 ,𝜁 |𝑒𝑖𝜃 : ∀𝑡 ∈ [0, 1] 𝑎𝑛𝑑 ∀𝜃 ∈ [0, 2𝜋) 𝑎𝑛𝑑 𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1} (5.55)

and similarly if we take the estimation from the other end of the interpolating parameter:

𝑝 𝑗 𝜁 ∈ {𝑝 𝑗2 + 𝑡 | (𝜁𝑖+1 − 𝜁)𝜆 𝑗 ,𝜁 |𝑒𝑖𝜃 : ∀𝑡 ∈ [0, 1] 𝑎𝑛𝑑 ∀𝜃 ∈ [0, 2𝜋) 𝑎𝑛𝑑 𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1} (5.56)

Let the circle around 𝑝 𝑗1 when 𝜁 = 𝜁𝑖+1 be 𝐶 𝑗1 and the circle around 𝑝 𝑗2 when 𝜁 = 𝜁𝑖 be
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𝐶 𝑗2. So:

𝐶 𝑗1 = {𝑝 𝑗1 + 𝑡 | (𝜁𝑖+1 − 𝜁𝑖)𝜆 𝑗 ,𝜁𝑖 |𝑒𝑖𝜃 : ∀𝑡 ∈ [0, 1] 𝑎𝑛𝑑 ∀𝜃 ∈ [0, 2𝜋)}
𝐶 𝑗2 = {𝑝 𝑗2 + 𝑡 | (𝜁𝑖+1 − 𝜁𝑖)𝜆 𝑗 ,𝜁𝑖+1 |𝑒𝑖𝜃 : ∀𝑡 ∈ [0, 1] 𝑎𝑛𝑑 ∀𝜃 ∈ [0, 2𝜋)}

Let:
D = {𝐷 𝑗 = 𝐶 𝑗1 ∪ 𝐶 𝑗2 : 𝑗 = 1, 2, 3...𝑛}, (5.57)

where 𝑛 is the number of poles. Each 𝐷 𝑗 can either be connected or disjoint, depending solely
on the properties of 𝐶 𝑗1 and 𝐶 𝑗2. From now on we say 𝐷 𝑗 is connected meaning 𝐶 𝑗1 and 𝐶 𝑗2
are overlapping.

Let:

S =

𝑛⋃
𝑗=1
𝐷 𝑗 (5.58)

Notice that if all 𝐷 𝑗 are connected, thenS can contain at most 𝑛 disconnected regions. These
regions are the 𝐷 𝑗 , and they are formed by overlapping circles.

Now, we describe the sampling criteria of the system. As it is stated before the interpolated
poles must lie on an artificial trajectory between the end positions that are the samples of the
system under examination. But it has to be known which pole corresponds to which pole. In
5.2, pole matching was used based on their hyperbolic distance but it has no guarantee that the
poles matched correctly. This is primarily due to the absence of an estimation for the fineness of
sampling across the parameter range. Assuming that every 𝐷 𝑗 is connected for any sampling,
we can define the criterion:
Criterion 1. If the set S on the complex plane contains exactly 𝑛 disjoint subsets then the pole
matching problem is perfectly solved and the interpolating parameter sampling is sufficient,
where 𝑛 is the number of poles.

In other words, if every 𝐷 𝑗 is connected and the sets satisfy 𝐷 𝑗 ∩ 𝐷𝑖 = ∅ for all 𝑖 ≠ 𝑗 (i.e.,
each compound set 𝐷 𝑗 , formed by a pair of circles, is disjoint from all others), then the sampling
is fine enough.

In the following, we prove that if the circles 𝐶 𝑗1 and 𝐶 𝑗2 overlap for every sampling (i.e., all
the 𝐷 𝑗 are connected), then there exists a sampling that generates exactly 𝑛 disjoint regions on
S.

Proof. Let 𝑝 𝑗1 and 𝑝 𝑗2 denote the 𝑗-th pole at 𝜁𝑖 and 𝜁𝑖+1, respectively. Let 𝜆 𝑗 ,1 and 𝜆 𝑗 ,2 be the
sensitivities of the 𝑗-th pole at 𝜁𝑖 and 𝜁𝑖+1.

Given that:

• the roots of a polynomial change continuously as its coefficients vary continuously,
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• the sensitivity of the poles (see equation 5.54) is a continuous function of 𝜁 ,

• the diameters of the circles 𝐶 𝑗1 and 𝐶 𝑗2 are continuous functions of 𝜁 , based on equa-
tions 5.55 and 5.56,

the following limits hold:

lim
𝜁→𝜁𝑖

𝑝 𝑗 𝜁 = 𝑝 𝑗1, lim
𝜁→𝜁𝑖

𝜆 𝑗 𝜁 = 𝜆 𝑗1.

Here, 𝜁 approaches 𝜁𝑖 from the direction of 𝜁𝑖+1.
The limit represents finer sampling, as increasingly finer discretization causes the poles and

their sensitivities to become progressively closer.
Based on the limits above and equation 5.55, the diameter of the circles 𝐶 𝑗1 and 𝐶 𝑗2 tends

to zero as 𝜁 approaches 𝜁𝑖. Since no two poles can occupy the same location, there must exist a
sampling such that all connected 𝐷 regions are disjoined from each other.

□

It follows that the regions 𝐷 𝑗 , 𝑗 = 1, 2, 3...𝑛, formed by the union of overlapping circles
corresponding to the same pole across sampled values of 𝜁 , vary continuously as well. Therefore,
under sufficiently fine sampling, each 𝐷 𝑗 remains connected, and disjointness between different
𝐷 regions can be maintained, ensuring reliable pole matching.

Note that it does not matter whether we use hyperbolic or Euclidean geometry, since they
have the same topology [19].

The intuition behind this is that the sensitivity of the poles determines their possible locations
as the parameter varies from its initial to final value. Each pole must remain within a certain
region—specifically, within a defined circle 𝐶 𝑗1 at the starting value and within another circle
𝐶 𝑗2 at the ending value of the parameter. This overlap indicates that the two different estimates
are consistent. We assume the model does not vary so drastically that the region 𝐷 𝑗 becomes
disconnected. If all the overlapping pairs of circles are disjoint, then we have identified the
correct pole matching. If this criterion is met, then the sampling of the system is sufficient;
otherwise, the sampling needs to be finer.

5.6.4 Compute the poles and the residuals of 𝐺1,𝐺2.

This step is straightforward, given the assumption in Section 5.3 that the system admits a partial
fraction decomposition.
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5.6.5 Construct the interpolated transfer function

As stated in 5.2, the formula for the interpolated transfer function assuming hyperbolic line
between each corresponding pole and linear interpolation between residuals is:

𝐻𝜌 (𝑧) =
𝑛∑︁
𝑖=1

𝑟𝑖 (𝜌)
𝑧 − 𝑝𝑖 (𝜌)

(5.59)

where
𝑝𝑖 (𝜌) =

𝑝𝑖1 − 𝜌𝑤𝑖
1 − 𝜌𝑤𝑖𝑝𝑖1

(5.60)

𝑟𝑖 (𝜌) = (1 − 𝜌)𝑟𝑖1 + 𝜌𝑟𝑖2 (5.61)

and
𝑤𝑖 =

𝑝𝑖1 − 𝑝𝑖2
1 − 𝑝𝑖2𝑝𝑖1

. (5.62)

In 5.60, the parameter 𝜌 varies from 0 to 1. The formula used represents a parametrization
of a hyperbolic line, for which we need to compute 𝑤𝑖 (see [20]). We can interpret it in a way
that 𝜌𝑤𝑖 is a straight line not just in the hyperbolic sense but also in the Euclidean sense and
that it is transformed using a congruent transformation to become the pole trajectory. This kind
of transformation is always a Möbius transformation on the hyperbolic plane [20].

If we assume a general trajectory 𝑡 (𝜌) then we can also use the same transformation so we
can write:

𝑝𝑖 (𝜌) =
𝑝𝑖1 − 𝑡 (𝜌)𝑤𝑖

1 − 𝑡 (𝜌)𝑤𝑖𝑝𝑖1
(5.63)

The relevance of this type of construction is shown in the next section.

5.7 Boundedness and Stability

In earlier work, hyperbolic lines were proposed as artificial trajectories between known samples,
owing to their stability-preserving nature and the existence of a guaranteed upper bound on the
deviation from the known models. Since hyperbolic lines lie entirely within the unit circle, the
poles of the interpolated system also remain inside the unit circle, ensuring system stability. In
5.2, these stability properties and deviation bounds are derived specifically for hyperbolic lines.
Here, we extend the proof to cover all trajectories that satisfy the same bound.

The hyperbolic line, as an artificial pole trajectory has favorable properties like stability
preservation and uniform boundedness but never represents the behavior of the model and
cannot be adapted to different situations. It is reasonable to assume that the places of the poles
follow some pattern as the parameter changes and that is not a hyperbolic line. The interpolation
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method should be able to handle this additional information. In this section, the goal is to find
a set of trajectories that have the same properties as the hyperbolic line. Using a larger set of
trajectories enables techniques that adapt to specific pole trajectories.

5.7.1 Set of bounded trajectories

The hyperbolic line is stability preserving and satisfy the following deviation bound:

∥𝐺 (𝜌) − 𝐺1∥∞ ≤ 𝑓 (𝐺1, 𝐺2) = max{𝑔1(𝐺1, 𝐺2), 𝑔2(𝐺1, 𝐺2)}
∥𝐺 (𝜌) − 𝐺2∥∞ ≤ 𝑓 (𝐺1, 𝐺2) = max{𝑔1(𝐺1, 𝐺2), 𝑔2(𝐺1, 𝐺2)} (5.64)

where

𝑔1(𝐺1, 𝐺2) =
𝑛∑︁
𝑖=1

(
max{|𝑟𝑖1 | , |𝑟𝑖2 |} max

{���� 1
1 − |𝑝𝑖1 |

���� , ���� 1
1 − |𝑝𝑖2 |

����} + ����� 𝑟𝑖1
𝑝𝑖1
|𝑝𝑖1 | − 𝑝𝑖1

�����
)

𝑔2(𝐺1, 𝐺2) =
𝑛∑︁
𝑖=1

(
max{|𝑟𝑖1 | , |𝑟𝑖2 |} max

{���� 1
1 − |𝑝𝑖1 |

���� , ���� 1
1 − |𝑝𝑖2 |

����} + ����� 𝑟𝑖2
𝑝𝑖2
|𝑝𝑖2 | − 𝑝𝑖2

�����
)

(5.65)

The detailed derivation can be found in 5.2. In order to create a self-contained derivation the
first steps of the original derivation in 5.2 are repeated.

The rest of the section is devoted to the construction of a set that contains all the trajectories
that satisfy eq. 5.64.

As assumed the systems 𝐺 (𝜌) and 𝐺1 have a partial fraction decomposition:

∥𝐺 (𝜌) − 𝐺1∥∞ =






 𝑛∑︁
𝑖=1

(𝑃𝑖 (𝜌) − 𝑃𝑖1)






∞

(5.66)

where
𝑃𝑖 (𝜌) =

𝑟𝑖 (𝜌)
𝑧 − 𝑝𝑖 (𝜌)

, 𝑃𝑖1 =
𝑟𝑖1

𝑧 − 𝑝𝑖1
Exploiting the subadditivity of the 𝐻∞ norm from (5.66):

∥𝐺 (𝜌) − 𝐺1∥∞ ≤
𝑛∑︁
𝑖=1

∥𝑃𝑖 (𝜌) − 𝑃𝑖1∥∞ (5.67)
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In the following, an upper bound is given on ∥𝑃𝑖 (𝜌) − 𝑃𝑖1∥∞.

∥𝑃𝑖 (𝜌) − 𝑃𝑖1∥∞ =





 𝑟𝑖 (𝜌)
𝑧 − 𝑝𝑖 (𝜌)

− 𝑟𝑖1
𝑧 − 𝑝𝑖1






∞
≤

|𝑟𝑖 (𝜌) |




 1
𝑧 − 𝑝𝑖 (𝜌)






∞
+





 𝑟𝑖1
𝑧 − 𝑝𝑖1






∞

(5.68)

Compute an upper bound term-by-term in (5.68). The last term can be calculated exactly since
it is a first order system: 



 𝑟𝑖1

𝑧 − 𝑝𝑖1






∞
= max
𝑧=𝑒𝑖𝜔

���� 𝑟𝑖1
𝑧 − 𝑝𝑖1

���� = ����� 𝑟𝑖1
𝑝𝑖1
|𝑝𝑖1 | − 𝑝𝑖1

����� (5.69)

The residual 𝑟𝑖 (𝜌) in the first term is interpolated linearly:

|𝑟𝑖 (𝜌) | = | (1 − 𝜌)𝑟𝑖1 + 𝜌𝑟𝑖2 | ≤ max{|𝑟𝑖1 | , |𝑟𝑖2 |} (5.70)

The second term in (5.68) is also a first order system like the last term but it depends on 𝜌.
As the first step one can write:



 1

𝑧 − 𝑝𝑖 (𝜌)






∞
=

������ 1
𝑝𝑖 (𝜌)
|𝑝𝑖 (𝜌) | − 𝑝𝑖 (𝜌)

������ =
���� |𝑝𝑖 (𝜌) |
𝑝𝑖 (𝜌) (1 − |𝑝𝑖 (𝜌) |)

���� = |𝑝𝑖 (𝜌) |
|𝑝𝑖 (𝜌) | | (1 − |𝑝𝑖 (𝜌) |) |

=

|𝑝𝑖 (𝜌) |
|𝑝𝑖 (𝜌) |

���� 1
1 − |𝑝𝑖 (𝜌) |

���� = ���� 1
1 − |𝑝𝑖 (𝜌) |

���� =
������ 1

1 −
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

���
������ (5.71)

The expression ���� 𝑝𝑖1 − 𝜌𝑤𝑖1 − 𝜌𝑤𝑖𝑝𝑖1

���� ≤ 1 (5.72)

is less than or equal to one because it represents the pseudo-hyperbolic distance between the
complex numbers 𝑝𝑖1 and 𝜌𝑤𝑖 in the unit diskD. Pseudo-hyperbolic distance is always less than
or equal to one [19]. It is equal to one when one of the point is on the unit circle which cannot
happen since we assumed stable systems.

In order to construct an upper bound the maximum of the expression

max
𝜌

������ 1

1 −
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

���
������ (5.73)

is needed. Since we discussed that the inner part
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

��� is less than one we can move the
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maximum operation inside the expression:

max
𝜌

������ 1

1 −
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

���
������ =

��������
1

1 − max
𝜌

���� 𝑝𝑖1 − 𝜌𝑤𝑖1 − 𝜌𝑤𝑖𝑝𝑖1

����
�������� (5.74)
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Figure 5.7: Geometric representation of the derivation of the upper bound

A geometric approach is used to find the maximum of
��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

��� (see Figure 5.7). The term
𝜌𝑤𝑖 traces a line segment from zero to 𝑤𝑖 (blue line), while 𝑝𝑖1 is a fixed point in the complex
plane. The expression

��� 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1

��� represents the pseudo-hyperbolic distance between 𝑝𝑖1 and any
point along the segment defined by 𝜌𝑤𝑖. A key geometric property states that the maximum
distance between a fixed point and a point on a line segment occurs at one of the endpoints of
the segment (these are depicted as a red line segment). Therefore, the maximum in (5.74) is
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reached when 𝜌 takes either of its extreme values, 𝜌 = 0 or 𝜌 = 1. As discussed in Section 5.6,
the values of 𝑝𝑖1−𝜌𝑤𝑖

1−𝜌𝑤𝑖 𝑝𝑖1
at 𝜌 = 0 and 𝜌 = 1 are 𝑝𝑖1 and 𝑝𝑖2 respectively:





 1
𝑧 − 𝑝𝑖 (𝜌)






∞
≤ max

{���� 1
1 − |𝑝𝑖1 |

���� , ���� 1
1 − |𝑝𝑖2 |

����} (5.75)

It is worth noting that the result in (5.75) is connected to the choice of 𝑤𝑖 = 𝑝𝑖1−𝑝𝑖2
1−𝑝𝑖2𝑝𝑖1 . 𝑤𝑖 is a

point with the property that the hyperbolic distance of 𝑤𝑖 from the origin equals the hyperbolic
distance between 𝑝𝑖1 and 𝑝𝑖2 and the hyperbolic distance of 𝑤𝑖 from 𝑝𝑖1 is equal to the hyperbolic
distance between 𝑝𝑖2 and the origin. The distance of 𝑤𝑖 from the origin is a direct consequence
of the definition of 𝑤𝑖.

After this, we can notice that the boundedness of the hyperbolic pole trajectory follows from
the fact that the distance from a point to a line segment is maximal at one of the endpoints of
the line segment see Figure 5.7.

In general, there is a set of curves that satisfy the condition that one of the endpoints is
the furthest point from a given point in the plane. For example, see Figure 5.8. The furthest
point on the line segment 𝑤𝑖𝑂 from 𝑝𝑖1 is 𝑤𝑖 in this example. The bound is determined by the
furthest point, so every curve that starts from the origin 𝑂 and ends at 𝑤𝑖 with no point on that
curve having a distance from 𝑝𝑖1 which is greater than 𝑑ℎ (𝑝𝑖1, 𝑤𝑖) gives the same bound. The
geometric constraint is that any candidate curve must lie in the hyperbolic circle around 𝑝𝑖1 with
radius 𝑑ℎ (𝑝𝑖1, 𝑤𝑖) and must start from origin and end at 𝑤𝑖.

It is obvious that the actual pole trajectory is obtained after the chosen 𝑤𝑖𝑂 trajectory inside
the boundary circle is transformed by equation (5.63).

5.8 MIMO extension

Let 𝐻𝜌 (𝑧) be a transfer matrix. Each element of the matrix can be interpolated as a SISO system.
For each element, there is an 𝐻∞ upper bound estimate thus using the Gerschgorin theorem one
can show that an upper bound estimate exists for the original system.

5.8.1 Maximal singular value estimation using Gerschgorin theorem

Estimate the greatest singular value 𝜎̄(𝐴) of the matrix 𝐴 ∈ C𝑛×𝑚 using the Gerschgorin
theorem. According to the Gershgorin Circle Theorem [92], every eigenvalue 𝜆 of a matrix
𝐴 = [𝑎𝑖 𝑗 ] ∈ C𝑛×𝑛 lies within at least one disk 𝐷 (𝑎𝑖𝑖, 𝑅𝑖), where 𝑅𝑖 =

∑
𝑗≠𝑖 |𝑎𝑖 𝑗 |. Consider the

matrix 𝐴∗𝐴, where 𝐴∗ is the complex conjugate transpose of 𝐴 since this matrix is positive
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Figure 5.8: Basic geometric objects on Poincaré disk model of hyperbolic geometry

semi-definite, all its eigenvalues are real. Thus, by definition 𝜎̄(𝐴) =
√︁
𝜆max (𝐴∗𝐴) where 𝜆max

is the largest eigenvalue of 𝐴∗𝐴.
Gerschgorin theorem provides an estimate on the location of the eigenvalues so one can

apply it to 𝐴∗𝐴. Let 𝑎𝑖 𝑗 be an element of 𝐴∗𝐴 and let the quantity 𝑅𝑖 be 𝑅𝑖 =
∑
𝑗≠𝑖

��𝑎𝑖 𝑗 ��
sum of all non-diagonal elements in a row. A circle with center 𝑎𝑖𝑖 and radius 𝑅𝑖 is called
Gerschgorin circle 𝐷𝑖. According to Gerschgorin theorem the eigenvalues of 𝐴∗𝐴 lie in one of
the Gerschgorin circles. Since all the eigenvalues of 𝐴∗𝐴 are real, the estimate of 𝜎̄(𝐴) is the
largest point where a Gerschgorin circle intersects the real line.

Let 𝐴 ∈ C𝑛×𝑚 be a matrix. For the largest singular value 𝜎̄ of 𝐴 the following holds:

𝜎̄(𝐴) ≤
√︁

max{𝐷𝑖 ∩ R, 𝑖 = 1 . . . 𝑟𝑎𝑛𝑘 (𝐴∗𝐴)} =
√︁

max{𝑅𝑖 + 𝑎𝑖𝑖, 𝑖 = 1 . . . 𝑟𝑎𝑛𝑘 (𝐴∗𝐴)} (5.76)

where 𝐷𝑖 is the 𝑖𝑡ℎ Gerschgorin circle of 𝐴∗𝐴, 𝑅𝑖 is the radius of the 𝑖𝑡ℎ Gerschgorin circle and
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𝑎𝑖𝑖 is the 𝑖𝑡ℎ diagonal element of 𝐴∗𝐴.
The inequality in (5.76) follows directly from the Gerschgorin theorem. The equality is true

because the diagonal elements of 𝐴∗𝐴 are positive reals so the center points of the Gerschgorin
circles lie on the real line so the greatest value where one of the Gerschgorin circles intersects
the real line is max{𝑅𝑖 + 𝑎𝑖𝑖, 𝑖 = 1 . . . 𝑟𝑎𝑛𝑘 (𝐴∗𝐴)} It also means that

𝜎̄(𝐴) ≤

√√√
max


𝑚∑︁
𝑗=1

��𝑎𝑖 𝑗 ��, 𝑖 = 1 . . . 𝑚
 (5.77)

where 𝑎𝑖 𝑗 is an element of 𝐴∗𝐴.

5.8.2 Construction of upper bound for MIMO system

In this section, it is shown that the function 𝑓 in (5.106) exists for a MIMO model if each
element of the transfer matrix is interpolated piecewise as a SISO system. Thus, it is shown that
a uniform bound can be given on the deviation of MIMO models 𝐺 (𝜌) from 𝐺1 in the form:

∥𝐺 (𝜌) − 𝐺1∥∞ ≤ 𝑔1(𝐺1, 𝐺2) (5.78)

The deviation of 𝐺 (𝜌) from 𝐺2 can be calculated analogously.
Let the transfer matrix of the system 𝐺 (𝜌) − 𝐺1 be 𝑀𝜌 (𝑧). The problem is to find an upper

bound estimate on the 𝐻∞ norm of 𝑀𝜌 (𝑧) that depends only on 𝐺1 and 𝐺2.
The 𝐻∞ norm of 𝑀𝜌 (𝑧) at a given parameter 𝜌 is given by [93]:

∥𝐺 (𝜌) − 𝐺1∥∞ =


𝑀𝜌 (𝑧)




∞ = ess sup

𝜔∈R
𝜎̄

(
𝑀𝜌 (𝑒𝑖𝜔)

)
(5.79)

where 𝜎̄
(
𝑀𝜌 (𝑒𝑖𝜔)

)
is the maximal singular value of the matrix 𝑀𝜌 (𝑒𝑖𝜔) at a given 𝜔. Every

member of the studied class of systems (see Section 5.3) reaches its maximum on the unit circle,
therefore there is no need for the essential supremum, simply a maximum can be used.

∥𝐺 (𝜌) − 𝐺1∥∞ =


𝑀𝜌 (𝑧)




∞ = max

𝜔∈R
𝜎̄

(
𝑀𝜌 (𝑒𝑖𝜔)

)
(5.80)

The upper bound of the 𝐻∞ norm of 𝑀𝜌 (𝑧) is

𝑀𝜌 (𝑧)



∞ ≤ max

𝜌



𝑀𝜌 (𝑧)



∞ = max

𝜌
max
𝜔∈R

𝜎̄
(
𝑀𝜌 (𝑒𝑖𝜔)

)
(5.81)

Let 𝜔0 and 𝜌0 be the discrete frequency and parameter value where the maximal singular
value of the matrix 𝑀𝜌 (𝑒𝑖𝜔) reaches its maximum. Let 𝑚𝑖 𝑗 ∈ C be an element of the matrix
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𝑀𝜌0 (𝑒𝑖𝜔0). Compute the Gerschgorin estimate 𝜎̄′ of the maximal singular value 𝜎̄ of 𝑀𝜌0 (𝑒𝑖𝜔0).
As the first step, the elements of𝑀∗

𝜌0 (𝑒
𝑖𝜔0)𝑀𝜌0 (𝑒𝑖𝜔0) need to be expressed. Let𝑚′

𝑖 𝑗
be an element

of 𝑀∗
𝜌0 (𝑒

𝑖𝜔0)𝑀𝜌0 (𝑒𝑖𝜔0) ∈ C𝑛×𝑛 then:

𝑚′
𝑖 𝑗 =

𝑛∑︁
𝑘=1

𝑚𝑘𝑖𝑚𝑘 𝑗 (5.82)

where bar means complex conjugate. So the Gerschgorin estimate 𝜎̄′ according to (5.77) is:

𝜎̄′ =

√√√
max


𝑛∑︁
𝑗=1

���𝑚′
𝑖 𝑗

���, 𝑖 = 1 . . . 𝑛
 =

√√√
max


𝑛∑︁
𝑗=1

����� 𝑛∑︁
𝑘=1

𝑚𝑘𝑖𝑚𝑘 𝑗

�����, 𝑖 = 1 . . . 𝑛
 (5.83)

we can move the absolute value operation inside the summa and apply to each factors

𝜎̄′ =

√√√
max


𝑛∑︁
𝑗=1

𝑛∑︁
𝑘=1

|𝑚𝑘𝑖 |
��𝑚𝑘 𝑗

��, 𝑖 = 1 . . . 𝑛
. (5.84)

The value of 𝜎̄′ is the Gersgorin estimate for max𝜌 max𝜔∈R 𝜎̄
(
𝑀𝜌 (𝑒𝑖𝜔)

)
. According to

equation 5.77, this estimate is greater than the upper bound of the 𝐻∞ norm of 𝑀𝜌 (𝑧), that is:

max
𝜌

max
𝜔∈R

𝜎̄
(
𝑀𝜌 (𝑒𝑖𝜔)

)
≤ 𝜎̄′. (5.85)

Notice that
��𝑚𝑖 𝑗 �� is a value on the magnitude curve of a SISO transfer function at 𝜔0 and 𝜌0

on the unit circle. The transfer function is 𝐺 (𝜌0)𝑖 𝑗 − 𝐺1𝑖 𝑗 , following the definition of 𝑀𝜌 (𝑧).
The maximum of the magnitude curve of a SISO transfer function is equal to its 𝐻∞ norm.
Therefore,

��𝑚𝑖 𝑗 �� cannot exceed


𝐺 (𝜌0)𝑖 𝑗 − 𝐺1𝑖 𝑗




∞��𝑚𝑖 𝑗 �� ≤ 

𝐺 (𝜌0)𝑖 𝑗 − 𝐺1𝑖 𝑗



∞ ≤ 𝑓1𝑖 𝑗 (𝐺1𝑖 𝑗 , 𝐺2𝑖 𝑗 ) (5.86)

where the function 𝑓1 is the upper bound estimate for a SISO system according to Section 5.7.
The second inequality follows from the existence of the upper bound for SISO systems (see
Section 5.7). Thus, from (5.84) and (5.86) the following is true:

𝜎̄′ =

√√√
max


𝑛∑︁
𝑗=1

𝑛∑︁
𝑘=1

|𝑚𝑘𝑖 |
��𝑚𝑘 𝑗

��, 𝑖 = 1 . . . 𝑛
 ≤

√√√
max


𝑛∑︁
𝑗=1

𝑛∑︁
𝑘=1

𝑓1𝑘𝑖 𝑓1𝑘 𝑗 , 𝑖 = 1 . . . 𝑛
 = 𝜎̄′′

(5.87)
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Thus, the upper bound for a MIMO system exists and an estimate of it is 𝜎̄′′ since

∥𝐺 (𝜌) − 𝐺1∥∞ =


𝑀𝜌 (𝑧)




∞ ≤ max

𝜌
max
𝜔∈R

𝜎̄
(
𝑀𝜌 (𝑒𝑖𝜔)

)
≤ 𝜎̄′ ≤ 𝜎̄′′ (5.88)

5.9 Example

The interpolation and the usefulness in the optimization of this method are well documented in
the previous sections. The example focuses on the construction of the Bernoulli beam model
from FEM data.

We choose the simplest example in order to be able to verify the result using analytic
calculations. Consider the massless cantilever beam that has a mass at the end (see Figure 5.9).
This example is actually the building block of the lumped-mass FEM model of a Bernoulli beam
therefore it can be easily extended to more complex cases.

F

m
L

I,E

Figure 5.9: Cantilever beam with end mass

The beam is an aluminum rod with a rectangular cross-section of 20 mm × 40 mm, with the
following parameters:

• 𝐿 = 1 m

• 𝐼 = 26666 𝑚𝑚4

• 𝐸 = 70 GPa

• 𝑚 = 1 kg

The applied load is a 0.1 Nm pure bending moment along the entire span. The unloaded nodes
are projected onto the projection line (see Figure 5.10), then the corresponding displacement is
carried to the next step.

In the next step, a polynomial is fitted to the projected data. Since the cross-section of the
beam and the Young’s modulus of the material remain constant throughout, the solution to the
Bernoulli equation is a quadratic polynomial [89]; therefore, a quadratic function is selected for
the fitting process. However, in more general cases, the order of the polynomial must be selected
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Figure 5.10: Loaded beam (The deformation is not to scale)

carefully to obtain an acceptable result while avoiding overfitting. A higher-order polynomial
may provide a closer fit to the data points, but it could also introduce artificial oscillations that
do not reflect the true behavior of the system. Conversely, a lower-order polynomial might fail
to capture important features.

In Figure 5.11, the node data and the fitted polynomial are nearly indistinguishable due to
the accuracy of the polynomial fit. To provide insight into the deviation between the fitted
polynomial and the original data, an additional plot displaying the error between these two
datasets is included.

Since the fitted polynomial is a quadratic polynomial, its second derivative is a constant
value given by 𝑣′′ = −5.3327 × 10−5. Using equation (5.48), the stiffness can be calculated as
𝐼𝐸𝐹𝐸𝑀 = 1875.2 N/m. The theoretical calculation gives 𝐼𝐸 = 26666 × 10−12 × 70 × 109 =

1866.6 N/m, resulting in an error of less than one percent.
We now derive the transfer function of the beam, where the input is a force applied perpen-

dicular to the tip, and the output is the resulting deflection of the beam.
The cantilever beam is modeled as a spring-mass-damper system with Rayleigh damping.

The stiffness of a massless cantilever beam with modulus 𝐸 , moment of inertia 𝐼, and length 𝐿
is [85]:

𝑘 =
3𝐸𝐼
𝐿3 (5.89)

Rayleigh damping is defined as [77]:

𝑐 = 𝛼𝑚 + 𝛽𝑘 (5.90)

where 𝛼 is the mass-proportional damping coefficient, and 𝛽 is the stiffness-proportional

72



5.9 Example

Displacement	vs.	Projected	Nodes

Figure 5.11: Polynomial fit for projected node data

damping coefficient.
The equation of motion for the mass 𝑚 at the tip is:

𝑚 ¥𝑥(𝑡) + 𝑐 ¤𝑥(𝑡) + 𝑘𝑥(𝑡) = 𝐹 (𝑡) (5.91)

Substituting 𝑐 = 𝛼𝑚 + 𝛽𝑘:

𝑚 ¥𝑥(𝑡) + (𝛼𝑚 + 𝛽𝑘) ¤𝑥(𝑡) + 𝑘𝑥(𝑡) = 𝐹 (𝑡) (5.92)

Taking the Laplace transform (assuming zero initial conditions):

𝑚𝑠2𝑋 (𝑠) + (𝛼𝑚 + 𝛽𝑘)𝑠𝑋 (𝑠) + 𝑘𝑋 (𝑠) = 𝐹 (𝑠) (5.93)

Factoring 𝑋 (𝑠):

𝑋 (𝑠)
[
𝑚𝑠2 + (𝛼𝑚 + 𝛽𝑘)𝑠 + 𝑘

]
= 𝐹 (𝑠) (5.94)

The transfer function is:
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𝐺 (𝑠) = 𝑋 (𝑠)
𝐹 (𝑠) =

1
𝑚𝑠2 + (𝛼𝑚 + 𝛽𝑘)𝑠 + 𝑘

(5.95)

After this point the result expressed in 5.2 and 5.4 applies.

5.10 Conclusion

This chapter proposed interpolation methods for parametric SISO LTI systems with a scalar
parameter that preserve stability and provide computable 𝐻∞ bounds on the deviation between
the interpolated and sampled models. An extension was also given that preserves the minimum-
phase property.

The core idea is to replace the unknown pole/zero trajectories of the original parametric
system by artificial trajectories constructed between neighboring samples. The choice of these
trajectories is decisive: it must preserve stability while enabling explicit deviation bounds.
Hyperbolic lines satisfy these requirements, and the framework is further generalized by char-
acterizing the class of admissible trajectories for which the boundedness proof remains valid,
enabling an extension to MIMO settings.

To support vibration-oriented applications, a structure-preserving reduction procedure for
beam-like structures was presented: starting from static FEM data, a reduced parametric second-
order model consistent with Bernoulli (Euler–Bernoulli) beam theory is obtained, which keeps
the mass–damping–stiffness structure required by the interpolation framework. A sampling
criterion was also introduced to make pole correspondence between neighboring parameter
samples unambiguous.

Future work focuses on improving accuracy and reducing conservatism (in particular for
MIMO singular-value bounds), refining residue interpolation beyond linear rules, extending the
approach to vector-valued parameters and higher-order sensitivity information, and analyzing
error propagation due to polynomial fitting; incorporating Timoshenko beam models.

New scientific results:

Thesis 2. First part: A stability preserving interpolation method is proposed for parametric
SISO LTI system with a scalar parameter. The transfer function 𝐻̂𝜌 (𝑧) of the interpolated model
is calculated by:

𝐻̂𝜌 (𝑧) =
𝑛∑︁
𝑗=1

𝑟 𝑗 (𝜌)
𝑧 − 𝑝 𝑗 (𝜌)

=

𝑛∑︁
𝑗=1

(1 − 𝜌)𝑟 𝑗𝑖 + 𝜌𝑟 𝑗𝑖+1

𝑧 − 𝑝 𝑗𝑖−𝜌𝑤 𝑗

1−𝜌𝑤 𝑗 𝑝 𝑗𝑖

. (5.96)
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where
𝜌 =

𝜁 − 𝜁𝑖
𝜁𝑖+1 − 𝜁𝑖

𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1 (5.97)

and
𝑤 𝑗 =

𝑝 𝑗𝑖 − 𝑝 𝑗𝑖+1

1 − 𝑝 𝑗𝑖+1𝑝 𝑗𝑖
. (5.98)

It is also proven that the deviation of the interpolated model 𝐺̂ (𝜁) from the adjacent known
models 𝐺𝑖+1 and 𝐺𝑖 is bounded in 𝐻∞ sense by the function 𝑓 that is:

𝐺̂ (𝜁) − 𝐺𝑖




∞ ≤ 𝑓 (𝐺𝑖, 𝐺𝑖+1)

𝐺̂ (𝜁) − 𝐺𝑖+1



∞ ≤ 𝑓 (𝐺𝑖, 𝐺𝑖+1) 𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1 (5.99)

where
𝑓 (𝐺𝑖, 𝐺𝑖+1) = max{𝑔1(𝐺𝑖, 𝐺𝑖+1), 𝑔2(𝐺𝑖, 𝐺𝑖+1)}. (5.100)

where

𝑔1(𝐺𝑖, 𝐺𝑖+1) =
𝑛∑︁
𝑗=1

(
max{

��𝑟 𝑗𝑖�� , ��𝑟 𝑗𝑖+1
��} · max

{����� 1
1 −

��𝑝 𝑗𝑖��
����� ,

����� 1
1 −

��𝑝 𝑗𝑖+1
��
�����
}
+

������ 𝑟 𝑗𝑖
𝑝 𝑗𝑖

|𝑝 𝑗𝑖 | − 𝑝 𝑗𝑖

������
)

(5.101)

𝑔2(𝐺𝑖, 𝐺𝑖+1) =
𝑛∑︁
𝑗=1

(
max{

��𝑟 𝑗𝑖�� , ��𝑟 𝑗𝑖+1
��}·max

{����� 1
1 −

��𝑝 𝑗𝑖��
����� ,

����� 1
1 −

��𝑝 𝑗𝑖+1
��
�����
}
+

������ 𝑟 𝑗𝑖+1
𝑝 𝑗𝑖+1

|𝑝 𝑗𝑖+1 | − 𝑝 𝑗𝑖+1

������
)

(5.102)

Second part: A stability and minimum phase preserving interpolation method is proposed
for parametric SISO LTI system with a scalar parameter. The transfer function 𝐻̂𝜌 (𝑧) of the
interpolated model is calculated by:

𝐻̂𝜌 (𝑧) = ((1 − 𝜌)𝑘1 + 𝜌𝑘2)
𝑚∏
𝑖=1

(
𝑧 − 𝑧𝑖1 − 𝜌𝑣𝑖

1 − 𝜌𝑣𝑖𝑧𝑖1

) 𝑛∏
𝑗=1

1
𝑧 − 𝑝 𝑗1−𝜌𝑤 𝑗

1−𝜌𝑤 𝑗 𝑝 𝑗1

(5.103)

where
𝜌 =

𝜁 − 𝜁𝑖
𝜁𝑖+1 − 𝜁𝑖

𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1 (5.104)

and
𝑤 𝑗 =

𝑝 𝑗𝑖 − 𝑝 𝑗𝑖+1

1 − 𝑝 𝑗𝑖+1𝑝 𝑗𝑖
, 𝑣𝑖 =

𝑧𝑖1 − 𝑧𝑖2
1 − 𝑧𝑖2𝑧𝑖1

. (5.105)
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5.10 Conclusion

It is also proven that the deviation of the interpolated model 𝐺̂ (𝜁) from the adjacent known
models 𝐺𝑖+1 and 𝐺𝑖 is bounded in 𝐻∞ sense by the function 𝑓 that is:

𝐺̂ (𝜁) − 𝐺𝑖




∞ ≤ 𝑓 (𝐺𝑖, 𝐺𝑖+1)

𝐺̂ (𝜁) − 𝐺𝑖+1



∞ ≤ 𝑓 (𝐺𝑖, 𝐺𝑖+1) 𝜁𝑖 ≤ 𝜁 ≤ 𝜁𝑖+1 (5.106)

where
𝑓 (𝐺𝑖, 𝐺𝑖+1) = max{𝑔1(𝐺𝑖, 𝐺𝑖+1), 𝑔2(𝐺𝑖, 𝐺𝑖+1)}. (5.107)

where

𝑔1(𝐺1, 𝐺2) =max{|𝑘1 | , |𝑘2 |}
𝑚∏
𝑖=1

(1 + max{|𝑧𝑖1 | , |𝑧𝑖2 |})·

𝑛∏
𝑗=1

max

{����� 1
1 −

��𝑝 𝑗1��
����� ,

����� 1
1 −

��𝑝 𝑗2��
�����
}
+ ∥𝐺1∥∞ (5.108)

𝑔2(𝐺1, 𝐺2) =max{|𝑘1 | , |𝑘2 |}
𝑚∏
𝑖=1

(1 + max{|𝑧𝑖1 | , |𝑧𝑖2 |})·

𝑛∏
𝑗=1

max

{����� 1
1 −

��𝑝 𝑗1��
����� ,

����� 1
1 −

��𝑝 𝑗2��
�����
}
+ ∥𝐺2∥∞ (5.109)

Corresponding publications: [GSS17], [GS18]
Thesis 3. A structure-preserving reduction method and a sampling criterion are proposed

for beam-like structures in order to make the pole matching problem unambiguous, which is
a prerequisite for the interpolation framework. First, a practical reduction procedure is given
that starts from static FEM data and constructs a parametric second-order model consistent
with Bernoulli (Euler–Bernoulli) beam theory. The resulting reduced dynamics are kept in the
second-order form

M ¥𝑦(𝑡) + C ¤𝑦(𝑡) + K𝑦(𝑡) = 0, (5.110)

which preserves the physically meaningful mass–damping–stiffness structure needed by the
subsequent analysis.

Second, a sampling criterion is introduced to ensure correct pole correspondence between
neighboring parameter samples. Using the sensitivity of the eigenvalues/natural frequencies
with respect to the parameter the possible locations of each pole between two samples are
bounded by circles around the end-point poles. The sampling is declared sufficient if these
pole-specific regions remain separated.
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5.10 Conclusion

Third, the interpolation framework is extended to MIMO systems, and the class of admissible
pole trajectories that preserve the boundedness property is characterized, generalizing the
approach beyond hyperbolic lines.

Corresponding publications: [GS25]
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Chapter 6

LTI system pole identification based on the
Fourier transform of Laguerre-coefficients

6.1 Introduction

The difference between time domain representation and frequency domain representations of
signals allows engineers to approach the same signal from different aspects. As a result richer
understanding can be achieved about the phenomena that is represented by the signal that is
under investigation. Following this idea many representations of signals can be created. The
question is if we gain new insight of the phenomena that is under investigation.

In this thesis a new signal transformation is proposed that can be parametrized, therefore,
several representations of the signal can be generated. Instead of analyzing the signal in these
new transformed domains as it is usually done, the following basic idea is proposed: the
difference between representations can be exploited in order to gain new information about the
signal. Needless to say that here the signals under investigation are frequency functions of an
LTI system and the poles of that system are extracted. It is important to note that here we do not
attempt to build a fully functional identification method only the fundamental features of this
new approach, which compares transformed signals, are analyzed.

The outline of the basic idea is as follows: Let us denote the Laguerre transform with the
parameter 𝑏1 of a frequency function 𝐹 ∈ H2 with L𝑏1{𝐹} of an LTI system 𝐺 and denote the
Fourier transform of 𝑓 ∈ 𝑙2 with F { 𝑓 }. Let 𝑆1 and 𝑆2 be

𝑆1 = F {L𝑏1{𝐹}}

𝑆2 = F {L𝑏2{𝐹}}

 𝐹 ∈ H2 (6.1)

It will be shown that once the difference between 𝑆1 and 𝑆2 is depicted then the poles of 𝐺 can
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6.2 Model set and data

be calculated analytically.

6.2 Model set and data

The presented method works on the following model set:

• Discrete linear time invariant system.

• Every system under investigation can be expressed as:

𝐹 (𝑧) = 𝐴1
1 − 𝑎1 𝑧

+ 𝐴2
1 − 𝑎2 𝑧

+ · · · + 𝐴𝑁

1 − 𝑎𝑁 𝑧
, (6.2)

where 𝑁 is finite. (Bar means complex conjugate.)

• Stable.

• There are no poles with multiplicity greater than one.

The input data of the identification method is the sampled frequency function of 𝐹 (𝑧).

6.3 Pole identification using Laguerre coefficients

One can notice that the Laguerre coefficients in (4.18) form a geometrical sequence with quotient

𝑞 =
𝑎 − 𝑏

1 − 𝑎𝑏 .

The geometrical sequence is convergent if the system is stable and 𝑎 ∈ D [41]. This connection
between the Laguerre coefficients and the pole plays a key role in the presented method. For the
sake of simplicity we can reformulate (4.18) as

𝐴

√︁
1 − |𝑏 |2

(1 − 𝑎𝑏) = 𝑓 𝑒𝑖𝛿
𝑎 − 𝑏

1 − 𝑎𝑏 = 𝑟𝑒𝑖𝜑 (6.3)

so
𝑙𝑛 = 𝑓 𝑟𝑛𝑒𝑖(𝑛𝜑+𝛿) . (6.4)

If we consider the general case

𝐹 (𝑧) = 𝐴1
𝑧 − 𝑎1

+ 𝐴2
𝑧 − 𝑎2

+ · · · + 𝐴𝑁

𝑧 − 𝑎𝑁
,
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6.3 Pole identification using Laguerre coefficients

the coefficients of Laguerre basis functions parametrized by 𝑏 can be expressed as

𝑙𝑛 (𝑏) = 𝑓1𝑟
𝑛
1𝑒
𝑖(𝑛𝜑1+𝛿1) + 𝑓2𝑟

𝑛
2𝑒
𝑖(𝑛𝜑2+𝛿2) + . . .

+ 𝑓𝑁𝑟
𝑛
𝑁𝑒

𝑖(𝑛𝜑𝑁+𝛿𝑁 ) (𝑛 = 0, 1, 2, . . . ). (6.5)

Notice that the above equation utilize the property of the model set possessing poles of multi-
plicity one.

The fact that the Laguerre coefficients are a sum of geometrical sequences is exploited to
solve the pole identification problem.

As the first step the equation (6.5) should be reformulated into a vector form



𝑙1(𝑏)
𝑙2(𝑏)
...

𝑙 𝑗 (𝑏)
...


=



𝑓1𝑟1𝑒
𝑖(𝜑1+𝛿1)

𝑓1𝑟
2
1𝑒
𝑖(2𝜑1+𝛿1)

...

𝑓1𝑟
𝑗

1𝑒
𝑖( 𝑗𝜑1+𝛿1)

...


+



𝑓2𝑟2𝑒
𝑖(𝜑2+𝛿2)

𝑓2𝑟
2
2𝑒
𝑖(2𝜑2+𝛿2)

...

𝑓2𝑟
𝑗

2𝑒
𝑖( 𝑗𝜑2+𝛿2)

...


+ . . .

+



𝑓𝑁−1𝑟𝑁−1𝑒
𝑖(𝜑𝑁−1+𝛿𝑁−1)

𝑓𝑁−1𝑟
2
𝑁−1𝑒

𝑖(2𝜑𝑁−1+𝛿𝑁−1)

...

𝑓𝑁−1𝑟
𝑗

𝑁−1𝑒
𝑖( 𝑗𝜑𝑁−1+𝛿𝑁−1)

...


+



𝑓𝑁𝑟𝑁𝑒
𝑖(𝜑𝑁+𝛿𝑁 )

𝑓𝑁𝑟
2
𝑁
𝑒𝑖(2𝜑𝑁+𝛿𝑁 )

...

𝑓𝑁𝑟
𝑗

𝑁
𝑒𝑖( 𝑗𝜑𝑁+𝛿𝑁 )

...


. (6.6)

It is obvious that the pole identification problem can be interpreted as the solution of the
system of equations (6.6). The general solution solves the system identification problem as the
residues are also unknown variables. This mehod focuses on the pole identification with a partial
solution of (6.6).

Before we discuss the proposed solution some observation should be taken. It is easy to
see that the left side is known while the right side is unknown entirely; the number of variables
and the number of poles are unknown, but finite according to our assumption. The number of
the equations are infinite and it can be extended because every term in the equations belongs
to a particular Laguerre parameter 𝑏. Therefore, we can choose different parameters and get
the same number of systems of equations as many parameters 𝑏 were chosen (see Fig.6.1). The
ability to get different systems of equations with different Laguerre parameters is exploited in
the presented method.
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6.3 Pole identification using Laguerre coefficients

Figure 6.1: Extended set of system of equation

6.3.1 Partial solution of the system of equations generated by Laguerre
coefficients

It is obvious that each column-vector at the right side of (6.6) is a geometric sequence with a
complex quotient and the absolute value of the quotient is less then one because we assumed
stability i.e. the series is convergent. We can consider this kind of geometric sequence as
a discrete complex signal with an important feature namely it is oscillating (excluding some
special cases). So the series of the Laguerre–coefficients is the sum of oscillating signals.
We can take the discrete Fourier transform of the Laguerre–coefficients (𝑙1, 𝑙2 . . . , 𝑙𝑛, . . . ) to
obtain the components of the periodic contents in separated form. The components have
𝜑1, 𝜑2, . . . , 𝜑𝑁 frequencies so the result of the discrete Fourier transform contains local maxima
at those frequencies. The discrete Fourier transform obviously exists as a convergent geometric
sequence has a discrete Fourier transform. Hence, the finite sum of convergent geometric
sequences has a discrete Fourier transform as well.

The frequencies of the peak values of the discrete Fourier transform (𝜑1, 𝜑2, . . . , 𝜑𝑁 ) are the
arguments of the quotients of each geometric sequence. These arguments are functions of the
Laguerre parameter 𝑏. Therefore, for example the first argument can be expressed according to
(6.3) as:

𝜑1(𝑏1) = 𝑎𝑟𝑔(𝑟1𝑒
𝑖𝜑1) = 𝑎𝑟𝑔

(
𝑎1 − 𝑏1

1 − 𝑎1𝑏1

)
, (6.7)

where 𝑎1 is the first pole of the system and 𝑏1 is the given Laguerre parameter.
At this point the peak values of the Fourier transform of the Laguerre coefficients and the pole

are connected with the equation (6.7), from this relationship the pole can not be reconstructed
because the place of the pole contains two parameters and only one of them is determined by the
argument of the quotient. To overcome this problem another Laguerre parameter can be applied
that generates a new system of equations like (6.6). So one can determine a pole by solving the
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6.3 Pole identification using Laguerre coefficients

next system of equations:
𝜑1(𝑏1) = 𝑎𝑟𝑔

(
𝑎1−𝑏1

1−𝑎1𝑏1

)
𝜑2(𝑏2) = 𝑎𝑟𝑔

(
𝑎1−𝑏2

1−𝑎1𝑏2

)  −→ 𝑎1 (6.8)

The system of equations (6.8) can be applied on every pole, therefore, the pole identification
problem can be solved. In the next section the analytic solution of (6.8) is presented.

6.3.2 Analytic solution of the system of equations that addresses the iden-
tification problem

The solution can be divided into two parts. The first one analyzes one equation of (6.8). The
second part aims to solve the system of equations using the previously described analysis.

Take the following equation:

𝜑 = 𝑎𝑟𝑔

(
𝑧 − 𝑏

1 − 𝑧𝑏

)
(6.9)

where 𝑧, 𝑏 ∈ D, 𝜑 ∈ R and 𝑏, 𝜑 are constant.
It is shown next that this equation is an equation of an arc on the complex plane. It is trivial

that the following equation
𝜑 = 𝑎𝑟𝑔 (𝑧) (6.10)

is an equation of a half-line on the complex plane since 𝑧 = 𝑟𝑒𝑖𝜑 satisfies (6.10) where 𝑟 ∈ R+.
The term

𝑧 − 𝑏
1 − 𝑧𝑏 (6.11)

is an argument transformation for the function (6.10). This means that those 𝑧 are the solution of
(6.9) that become a half-line in the form 𝑟𝑒𝑖𝜑 after the transformation (6.11). The transformation
(6.11) is a Möbius transformation, therefore, the set of solutions is an arc [20]. It is also true
that this arc can be considered a hyperbolic half-line on the Poincaré disk model becasue of the
following: the general formula for all isometric transformation of the Poincaré disk model is:

𝑤 =
𝛼𝑧 + 𝛽
𝛽𝑧 + 𝛼

𝛼, 𝛽 ∈ C, |𝛽 |2 − |𝛼 |2 = 1.

and with the choice of 𝛼 = 1 and 𝛽 = −𝑏 the (6.11) takes the form of an isometric
transformation

𝑧 − 𝑏
1 − 𝑧𝑏 =

𝑧 − 𝑏
−𝑏𝑧 + 1

. (6.12)

The solution of (6.10) is an origin crossing half-line and any isometric transformation on the
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6.3 Pole identification using Laguerre coefficients

Poincaré disk transforms it into a hyperbolic line, therefore, the solution of (6.9) is a hyperbolic
half-line.

In the following a parametrization of the arc that satisfies (6.9) is given. The parametrization
is regarded on the whole circle that contains that arc. We can write:

𝑟𝑒𝑖𝜑 =
𝑧 − 𝑏

1 − 𝑧𝑏 (6.13)

Then 𝑧 can be expressed:

𝑟𝑒𝑖𝜑 + 𝑏
1 + 𝑟𝑒𝑖𝜑𝑏 = 𝑧 (6.14)

Some modification is required to express 𝑧 in the form of the isometric transformation of the
Poincaré disk model, so:

𝑧 =
𝑟𝑒𝑖𝜑 + 𝑏
1 + 𝑟𝑒𝑖𝜑𝑏 =

𝑒−
𝜑

2

𝑒−
𝜑

2

𝑟𝑒𝑖𝜑 + 𝑏
1 + 𝑟𝑒𝑖𝜑𝑏 =

𝑒
𝜑

2 𝑟 + 𝑒−
𝜑

2 𝑏

𝑒
𝜑

2 𝑟𝑏 + 𝑒−
𝜑

2
(6.15)

Equation (6.15) is in the form of the general isometric transformation of the Poincaré disk model
with 𝛼 = 𝑒

𝜑

2 and 𝛽 = 𝑒−
𝜑

2 𝑏.

In the following, we use the above described parametrization to solve the system of equation
(6.8). Since in (6.8) the free variable is 𝑎1 we can write that up to the valid domain of (6.9) the
following is true:

𝜑1(𝑏1) = 𝑎𝑟𝑔
(
𝑎1−𝑏1

1−𝑎1𝑏1

)
𝜑2(𝑏2) = 𝑎𝑟𝑔

(
𝑎1−𝑏2

1−𝑎1𝑏2

)  ⇔

𝑎1 =

𝛼1𝑟1+𝛽1
𝛽1𝑟1+𝛼1

𝑎1 =
𝛼2𝑟2+𝛽2
𝛽2𝑟2+𝛼2

(6.16)

In (6.16) the first and second equations are equations of circles and we have to find the
intersections of those circles, therefore, we can write:

𝛼1𝑟1 + 𝛽1

𝛽1𝑟1 + 𝛼1
=
𝛼2𝑟2 + 𝛽2

𝛽2𝑟2 + 𝛼2

(𝛼1𝑟1 + 𝛽1)
(
𝛽2𝑟2 + 𝛼2

)
= (𝛼2𝑟2 + 𝛽2)

(
𝛽1𝑟1 + 𝛼1

)
𝛼1𝛽2𝑟1𝑟2 + 𝛽1𝛽2𝑟2 + 𝛼1𝛼2𝑟1 + 𝛽1𝛼2 = 𝛼2𝛽1𝑟1𝑟2 + 𝛽2𝛽1𝑟1 + 𝛼2𝛼1𝑟2 + 𝛽2𝛼1 (6.17)
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6.3 Pole identification using Laguerre coefficients

Let

𝑎1 = 𝑎𝑟1 + 𝑖𝑎𝑖1 = 𝛼1𝛽2

𝑏1 = 𝑏𝑟1 + 𝑖𝑏𝑖1 = 𝛽1𝛽2

𝑐1 = 𝑐𝑟1 + 𝑖𝑐𝑖1 = 𝛼1𝛼2

𝑑1 = 𝑑𝑟1 + 𝑖𝑑𝑖1 = 𝛽1𝛼2

𝑎2 = 𝑎𝑟2 + 𝑖𝑎𝑖2 = 𝛼2𝛽1

𝑏2 = 𝑏𝑟2 + 𝑖𝑏𝑖2 = 𝛽2𝛽1

𝑐2 = 𝑐𝑟2 + 𝑖𝑐𝑖2 = 𝛼2𝛼1

𝑑2 = 𝑑𝑟2 + 𝑖𝑑𝑖2 = 𝛽2𝛼1,

then:

(𝑎𝑟1𝑟1𝑟2 + 𝑏𝑟1𝑟2 + 𝑐𝑟1𝑟1 + 𝑑𝑟1) + 𝑖 (𝑎𝑖1𝑟1𝑟2 + 𝑏𝑖1𝑟2 + 𝑐𝑖1𝑟1 + 𝑑𝑖1) =
(𝑎𝑟2𝑟1𝑟2 + 𝑏𝑟2𝑟1 + 𝑐𝑟2𝑟2 + 𝑑𝑟2) + 𝑖 (𝑎𝑖2𝑟1𝑟2 + 𝑏𝑖2𝑟1 + 𝑐𝑖2𝑟2 + 𝑑𝑖2)
((𝑎𝑟1 − 𝑎𝑟2) 𝑟1𝑟2 + (𝑏𝑟1 − 𝑐𝑟2) 𝑟2 + (𝑐𝑟1 − 𝑏𝑟2) 𝑟1 + (𝑑𝑟1 − 𝑑𝑟2)) +
𝑖 ((𝑎𝑖1 − 𝑎𝑖2) 𝑟1𝑟2 + (𝑏𝑖1 − 𝑐𝑖2) 𝑟2 + (𝑐𝑖1 − 𝑏𝑖2) 𝑟1 + (𝑑𝑖1 − 𝑑𝑖2)) = 0. (6.18)

So we can split the equation into the real and the imaginary part and we can solve it as a system
of equations. In order to simplify the notation let:

𝑎3 = 𝑎𝑟1 − 𝑎𝑟2
𝑏3 = 𝑏𝑟1 − 𝑐𝑟2
𝑐3 = 𝑐𝑟1 − 𝑏𝑟2
𝑑3 = 𝑑𝑟1 − 𝑑𝑟2
𝑎4 = 𝑎𝑖1 − 𝑎𝑖2
𝑏4 = 𝑏𝑖1 − 𝑐𝑖2
𝑐4 = 𝑐𝑖1 − 𝑏𝑖2
𝑑4 = 𝑑𝑖1 − 𝑑𝑖2

so:
𝑎3𝑟1𝑟2 + 𝑏3𝑟2 + 𝑐3𝑟1 + 𝑑3 = 0

𝑎4𝑟1𝑟2 + 𝑏4𝑟2 + 𝑐4𝑟1 + 𝑑4 = 0

 (6.19)
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6.3 Pole identification using Laguerre coefficients

If 𝑎3 ≠ 0 and 𝑎4 ≠ 0 then:
𝑟1𝑟2 + 𝑏3

𝑎3
𝑟2 + 𝑐3

𝑎3
𝑟1 + 𝑑3

𝑎3
= 0

𝑟1𝑟2 + 𝑏4
𝑎4
𝑟2 + 𝑐4

𝑎4
𝑟1 + 𝑑4

𝑎4
= 0

 (6.20)

Now we can subtract the two equations from each other:(
𝑏3
𝑎3

− 𝑏4
𝑎4

)
𝑟2 +

(
𝑐3
𝑎3

− 𝑐4
𝑎4

)
𝑟1 +

(
𝑑3
𝑎3

− 𝑑4
𝑎4

)
= 0. (6.21)

Let:

𝑏5 = −
(
𝑏3
𝑎3

− 𝑏4
𝑎4

)
𝑐5 =

𝑐3
𝑎3

− 𝑐4
𝑎4

𝑑5 =
𝑑3
𝑎3

− 𝑑4
𝑎4

then if 𝑏5 ≠ 0
𝑟2 =

𝑐5
𝑏5
𝑟1 +

𝑑5
𝑏5
. (6.22)

Let

𝑐6 =
𝑐5
𝑏5

𝑑6 =
𝑑5
𝑏5

now we can substitute the expression of 𝑟2 back to (6.19):

𝑎3𝑟1 (𝑐6𝑟1 + 𝑑6) + 𝑏3 (𝑐6𝑟1 + 𝑑6) + 𝑐3𝑟1 + 𝑑3 = 𝑎3𝑐6𝑟
2
1 + (𝑎3𝑑6 + 𝑏3𝑐6 + 𝑐3) 𝑟1 + (𝑏3𝑑6 + 𝑑3) = 0

(6.23)
We can simply solve (6.23) with the quadratic formula and if the input parameters (i.e.

𝜑1,𝜑2,𝑏1,𝑏2) are valid we get two distinct real solutions 𝑠1 and 𝑠2. One of the solutions is in the
unit circle since it represents the intersection of two hyperbolic lines. Let us say that 𝑠1 is that
solution. So we can substitute 𝑠1 into one of the equations of (6.16) and we get the pole:

𝑎1 =
𝛼2𝑠1 + 𝛽2
𝛽2𝑠1 + 𝛼2

(6.24)
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6.4 Numerical example

In this section the pixel dynamics of the TFT based indoor positioning system is identified with
the proposed method. The basic idea of the TFT based positioning system is shortly summarized
in the following [Gőz15], [Gőz10].

6.4.1 Operation principle of TFT based positioning

In order to describe the main idea behind the TFT technology based indoor positioning method,
let us recall the main concept of camera based positioning first. For this, consider a pinhole
camera model and a point light source moving in front of the camera. (See Figure 6.2). The
direction of the light source relative to the camera can be characterized by the angle of arrival,
which is the angle between the optical axis and the line connecting the light source with its
2D image on the camera screen Figure 6.2. The angle of arrival can be determined from the
position of the image and the distance between the screen and the hole. In this setup the position
of the hole is fixed, while the location of detection (i.e. the position of the image on the screen)
changes according to the actual position of the light source. Now let the functions be switched:
let the location of detection be fixed at the center of the screen and allow the hole to move.
Then, the angle of arrival can be determined as follows: move the hole until the sensor is able
to detect the light source, then compute the angle by using the position of the hole and the
distance between the hole and the screen (see Figure 6.3). Therefore, the algorithm is as simple
as in the previous case. At the same time, this slight conceptual modification has a significant
advantage: a pinhole camera with movable hole can be realized with simple elements, which
results in significant reduction in the cost and complexity of the positioning system.

The front panel of the pinhole camera can be constructed from a TFT unit. A regular TFT
display can be disassembled to a TFT unit and a backlight panel as shown in Figure 6.4. If one
uses only black and white colors in the image plane, the TFT unit can be interpreted as a special
window that can be transparent or opaque according to the image displayed. Thus, by leaving
only a small transparent patch and driving every other pixel of the TFT unit into the opaque state
a hole can be formed, which is also moveable as the patch can be placed anywhere on the TFT.

The point light source can be a light emitting diode (LED) while the detector, which is placed
in the center of the image plane behind the TFT unit, can be any light sensitive element, e.g.
a photodiode. If the patch tracks the LED (marker), the instrument can maintain continuous
direction measurements frame by frame that are displayed on the TFT panel. To simplify
the marker tracking task four independent photodiodes are used according to Figure 6.5. The
photodiodes form a square shaped array where a photodiode is placed on each corner of the
square. This sensor array is rotated 45 degrees relative to the TFT pixel grid. This arrangement
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Figure 6.2: Angle of arrival determination with simple pinhole camera
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Figure 6.3: Angle of arrival determination with modified movable hole pinhole camera

allows to determine the heading of the marker. The fifth photodiode in the middle of the sensor
array measures the absolute value of the luminous intensity of the LED.

The position of a marker can be determined at least from two measurements made by sensors
positioned far enough from each other. Multiple marker detection is also possible, because on
the same TFT image multiple pinhole camera can be created simultaneously by using multiple
patches. Figure 6.6 shows the scheme of the positioning system.

The continuous operation requires exact knowledge of the LEDs. Searching the LEDs is
required in two cases: for the initialization of the system and when the device loses the marker.
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Figure 6.5: The LED tracking

Searching algorithms and the corresponding problems are not discussed here as it does not
add anything to the understanding of the basic operation principle. The proposed device itself
measures angle of arrival so in order to get 3D measurements, the principle of stereo-camera
reconstruction should be used. This is discussed in details in [94, 95].

This positioning system has some potential advantages. It is well known [96] that reliable
link can be established between the LED marker and the sensing element, which makes this
system very insensitive to ambient light even if the ambient light changes rapidly. Since the
number of sensing elements is small, the computational requirements are negligible compared to
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Photodiode array

TFT

Photodiode array

    
TFT

    
LED

 LED

Figure 6.6: Theoretical scheme of the positioning system

image processing. Moreover, every part of the system is available on market in mass production
so the price of the system is low.

6.4.2 Identification of pixel dynamics

The response of the pixel is very important from the aspect of positioning system because the
marker tracking control has to be designed according to the pixel dynamics. The full dynamical
model of the positioning system is presented in [Gőz15] here only the pixel dynamics are
considered that can be modeled as a first order system and all the signals are taken from the
simulation generated in [Gőz15] so the result can be compared to the correct value.

The presented example is a first order system with the transfer function:

𝐹 (𝑧) = 1
𝑧 − 0.82

.

Measurement noise acts on the output. Since the input data of the method is the sampled
frequency function of the system the applied input signal is multisine with 256 components.
The output with the additive white noise can be seen in Fig. 6.7.

The peak to peak amplitude of the signal is about two hundred while the peak to peak
amplitude of the noise is about fifty, of course the dimension of the amplitude is irrelevant.

The algorithm of the identification procedure is the following:

1. Choose a Laguerre parameter 𝑏1.

2. Apply the multisine input.

3. Compute the frequency function.

4. Compute the Laguerre–coefficients .
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6.4 Numerical example

Figure 6.7: Output signal with noise

5. Compute the Fourier transform of the Laguerre–coefficients .

6. Determine 𝜑1(𝑏1), 𝜑2(𝑏1).

7. Repeat step 1–6 with 𝑏2.

8. Solve the system of equations (6.8) with respect to each pole.

This example uses 𝑏1 = 0.8750 + 0.2843𝑖, 𝑏2 = 0.2 + 0.5𝑖. Fig. 6.8 shows the absolute value of
the Fourier transform of the Laguerre–coefficients without noise. As it can be seen the number of
peaks is equal to the number of poles and because of the finite number of Laguerre–coefficients
spectral leakage appears. The effect of noise can be seen in Fig. 6.9. It is obvious that the
peaks corresponding to the poles are significant and the peaks are almost at the same position.
The problem is that we have to decide whether the other peaks represent other poles or not. To
make a distinction between a pole generated peak and a noise generated peak further analysis is
required, such as an iterative pole elimination [39]. In Fig. 6.10 and Fig. 6.11 the noiseless and
the noisy case are presented when Laguerre parameter 𝑏1 = 0.8750 + 0.2843𝑖.

The identified pole in noisless case is 0.8192 − 0.0094𝑖 while in the noisy case the pole
is 0.8114 + 0.0057𝑖. It is clear that the spectral leakage and the resolution of the Fourier
transformation sets the practical barrier at this stage, but the noise immunity seems good even
if the noisy case is not analyzed on a theoretical level.
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Figure 6.8: Fourier transform of Laguerre–coefficients without noise (𝑏2 = 0.2 + 0.5𝑖)

Figure 6.9: Fourier transform of Laguerre–coefficients with noise (𝑏2 = 0.2 + 0.5𝑖)
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Figure 6.10: Fourier transform of Laguerre–coefficients without noise (𝑏1 = 0.8750 + 0.2843𝑖)

Figure 6.11: Fourier transform of Laguerre–coefficients with noise (𝑏1 = 0.8750 + 0.2843𝑖)
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6.5 Conclusion

6.5 Conclusion

An outline of a method for identification of system poles elaborated, and the basic properties
were analyzed. The method utilizes the Fourier transform of the Laguerre–coefficients of the
discrete–time systems represented on the unit disc. Beyond the conceptual clarity example
also confirms that it forms an adequate basis for estimating poles of systems as a significant
part of an identification process, nevertheless some issues — namely spectral leakage that is
the consequence of the finite number of the available Laguerre–coefficients — require further
research.

New scientific results:

Thesis 4. A method for identification of system poles is proposed. The method utilizes the Fourier
transform of the Laguerre–coefficients 𝑙𝑛 (𝑏) of the discrete–time systems represented on the unit
disc. It is shown that the local maximas of the Fourier transform of the Laguerre–coefficients
appear at

𝑎𝑟𝑔

(
𝑎 𝑗 − 𝑏

1 − 𝑎 𝑗𝑏

)
= 𝜑 𝑗 (𝑏) ( 𝑗 = 1, 2, . . . , 𝑁). (6.25)

Two equations are constructed similar to (6.7) with two different Laguerre–parameters (𝑏1,𝑏2)
so the pole identification problem is shown to be the solution of a system of equations that is:

𝜑 𝑗 (𝑏1) = 𝑎𝑟𝑔
(
𝑎 𝑗−𝑏1

1−𝑎 𝑗𝑏1

)
𝜑 𝑗 (𝑏2) = 𝑎𝑟𝑔

(
𝑎 𝑗−𝑏2

1−𝑎 𝑗𝑏2

)

−→ 𝑎 𝑗 ( 𝑗 = 1, 2, . . . , 𝑁) (6.26)

Analytic solution of (6.26) is given.
Corresponding publications: [GS15], [Gőz15], [Gőz10]
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Chapter 7

Conclusions and future research

In the present work, the hyperbolic geometry applied for various problems in the field of linear
time invariant system theory. The research results are concluded in three distinct thesis points.
The main results can be summarized as follows:

• Results are reported, connecting the 𝐻∞ norm and 𝜈-gap metric with the hyperbolic
distance. Furthermore, the equivalence of (i) the 𝐻∞ norm of the difference of two first
order LTI systems, (ii) the 𝜈-gap of these systems and (iii) the hyperbolic distance is also
proved, under specified assumptions.

• A stability preserving interpolation method is proposed for parametric SISO LTI systems
with a scalar parameter. The proposed method is based on the geometrical interpolation of
the poles. The poles travel on a certain trajectory while the scalar parameter changes and
samples of these trajectories are known. Since the real trajectories are unknown between
samples artificial trajectories are proposed which are hyperbolic lines.

• It is shown that the usage of hyperbolic lines guarantees stability, furthermore, it guarantees
an upper bound on the deviation of the interpolated model from the known models in 𝐻∞

sense.

• A stability preserving interpolation method is proposed for parametric SISO LTI systems
with a scalar parameter that also guarantees minimum phase property. The parametric
SISO LTI system is sampled over a grid of parameter values and the interpolated system
is calculated between these samples. The proposed method is based on the geometrical
interpolation of the poles and the zeros. The poles and the zeros travel on a particular
trajectory while the scalar parameter changes and the samples of these trajectories are
known. As the real paths are unknown between samples, artificial trajectories are proposed
which are hyperbolic lines.
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• It is shown that the usage of hyperbolic lines guarantees stability, minimum phase. Fur-
thermore, it guarantees an upper bound on the deviation of the interpolated model from
the known models in 𝐻∞ sense.

• A new method of identification of the poles is proposed for discrete time linear system.
The discrete rational transfer function is represented in a rational Laguerre basis. Laguerre
coefficients are considered as a sum of oscillating signals that gives us the opportunity
to estimate the places of poles of the system by the Fourier trasform of the Laguerre–
coefficients.

Further research:

• Thesis 1: The calculation of hyperbolic distance is computationally not expensive the
applicability of this method possibly can be extended to a larger dimensional system.

• Thesis 2: The generalization of the method for MIMO systems and for vector parameter
is in the main focus of the further research.

• Thesis 3: Overcoming the spectral leakage problem can significantly improve the applic-
ability of the proposed method.
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